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SOME COMBINATORIAL PROBLEMS OF ARITHMETIC

M. S. KLAMKIN, Scientific Laboratory, Ford Motor Company
and D. J. NEWMAN, Yeshiva University

We wish to develop techniques for estimating the size of certain collections
having given arithmetical properties.

We make no attempt at completeness at the present time but simply present
several examples of this type. Future research will aim at a more unified treat-
ment. Our first and simplest problem should serve to indicate the spirit of this
investigation, however.

PROBLEM 1. Determine the maximum number of disjoint couples (of distinct
positive integers) whose sums are all distinct and all below n.

For example let #=10. We find the couples (1, 8), (2, 6), (3, 4) with sums,
respectively, 9, 8, 7. A bit of experimentation shows that no four couples can be
so found and we obtain the answer three for the case n=10. We will prove that
this maximum number is asymptotically 2z. To do so requires two steps, first a
direct construction which produces (approximately) 2z such couples and then
a proof that more than this number is impossible.

Step 1. The construction: Let £ be the largest positive integer below #/5.
Form the couples

(1,4k), 3,4k — 1), (5,4k — 2), (7,48 — 3), - - -, 2k — 1,3k + 1)
as well as the couples
(2, 3%), 4,3k — 1), (6, 3%k — 2), 8,3k — 3), - - -, (2k — 2, 2k + 2).

These couples are clearly disjoint and have all sums different. Furthermore the
largest sum is 2k —1+43k+1 =5k <. Thus we have produced an acceptable col-
lection of 2k—1 couples and 2k—122{(n)/5—1)} —1=%n—3.

Step 2. The proof: Let there be given an acceptable set consisting of NV
couples. We compute the sum of all the elements in these couples in two different
ways. First it is the sum of 2N distinct positive integers and as such it
is 214243+ - - - 2N=N(2N+1). Again it is the sum of the N couple sums
and so is the sum of N distinct integers below #. Assuch itis S(n—1)+(#n—2)
+ - (r—N)=(V/2)(2n—N—1). Combining these two inequalities, we have
NQ@N+1)=(V/2)2n—N—1) or N<(2n—3)/5.

Summarizing, we have

TaEOREM 1. The maximum number, N, of disjoint couples of positive integers
with distinct sums all below n satisfies

2n — 3 2n
=Nz —

- 3.

(We might remark that for # of the form 5k41, N is exactly equal to 2k—1.)
We turn now to our second problem.
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PROBLEM 2. Determine the maximum number of disjoint triples (of distinct
positive integers) having sum equal to n.

The answer, we will show, is asymptotically €.

For this problem the proof portion is the easy half and we give it first. We
prove that this maximum number N satisfies N < (2% —3)/9. The proof is as be-
fore, namely, assume we have a collection of NV such triples and compute the
overall sum in two different ways. First there are 3V distinct positive integers so
that the sum is =142+ - - - +3N=(3/2)N(3N+1). Also the sum is exactly
n-N. Thus,

AN = (3/)NGN +1) andso N < (2n — 3)/9.

Now for the construction. We shall, in fact, add the further restriction that
no integer above Z2n+2 be used in any of the triples, and still produce “around”
27 of them. This will be done in parts with the same fundamental step repeated
very often.

Let % be the largest integer of the same parity of # which is <#/6. Form the
triples

1,3 —1,n—3k), 2,3k —3,n—3k+1), 3,3k —-5n—-3k+2), >
By B+1, n—2k+1)

and thus obtain % disjoint triples of integers <%#n-2 each summing to #.

Now note that the numbers k42, k-+4, - - -, #—3k—1 have not been used
in the above construction. We can use them to build new triples! For three of
these to sum to # is the same as three of 2, 4, - - - , n—4k—1 to sum to »— 3%,
or, i.e., for three of 1, 2, .-, (n—4k—1)/2 to sum to(n—3k)/2. Since
(n—4k—1)/2=2(n—3k)+2, we find we are facing exactly the same problem
as before with (z—3k)/2 replacing n. We may thus repeat our construction over
and over again. To record the number of triples thus produced, call N(z) the
maximum number of triples again and conclude that

N(n) =k + N("_3k>.

2

~

Since k> (n/6) —2, we may iterate this to give

s (=) + () )+ e )

Finally, choosing j = [logs #/3] gives

N(n) = 2 21 “
" —n—- _.
N 9n 0g43

The next problem began in a supermarket! Slips of paper with positive in-
tegers imprinted are given to customers. When three of these integers add up
to 100 the customer is a winner.
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Question. How to sabotage the customers. Namely, what numbers can be
removed so that a sum of 100 becomes impossible? Clearly the removal of
1,2,3, - -+, 33 makes it impossible for three to sum to 100, but is this a minimal
removal? Could not less than 33 other numbers be used? This leads to the follow-
ing problem:

PRrROBLEM 3. Produce a minimal set of positive integers such that k positive integ-
ers outside this set cannot add up to n (repetitions are allowed).

We prove the following:

THEOREM. The minimal set of positive integers such that k positive integers out-
side this set cannot add up to n if repetitions are allowed consists of [n/k] integers.

Proof. The construction is trivial; just take the integers 1, 2, 3, - - -, [n/k].
To prove that we cannot do with fewer consider the k-tuples

L1, -, L,n—G-0},{2,2,--,2,n— (£ —1)2},

S [ P

These are disjoint from one another and each has sum #. To block all k-tuples
with sum #, then, one element must be chosen from each of these k-tuples. Hence
at least [n/k] elements must be so chosen and the proof is complete.

Let us now consider this same problem when repetitions are not allowed.
Thus to block all triples summing to 100, we can take the set 1, 2, 3, - - -, 32
(33 is not necessary this time).

In general, let us say that a set of integers is an (#, k) set if it intersects every
k-tuple of distinct positive integers summing to z (e.g., {1,2,3, - - -, 32} isa
(100, 3) set). We will prove the following (assuming 2>1):

THEOREM. The smallest (n, k) set has [(n/B) — (B —1)/2] elements (e.g., the set
{1,2, - - -, 32} is smallest possible).

Proof. Since {1, 2, - - -, [(n/k)—(k—1)/2]} is easily shown to be an (z, k)
set, we need only show that no smaller set will do. The proof will be by double
induction. To begin the induction, we observe that the result is trivial for £=2
and also for n<k(k-+1)/2. We may assume the result for 2—1 and all %, and
also for k and all numbers below 7.

Let S be an (n, k) set and suppose n=k(k+1)/2. From S form the set T
by subtracting 1 from each element, dropping the 0 if necessary.

Case 1. 1€ S. Let (my, ms, - - -, mp_, 1) be any k-tuple of distinct positive
integers ending in 1 and summing to #. Since S intersects it, S must intersect
(my, ms, - - -, my_1) and so T must intersect (m;—1, me—1, + - -, mp_y—1). But
(mi—1, my—1, - - -, my_1—1) is an arbitrary (k—1)-tuple summing to »—k and
so T must be an (z—£k, k—1) set. By the inductive hypothesis, then,
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n—k k—2
o 2 [22E 7

k—1 2

But n=k(k+1)/2 and so (n—k)/(k—1)—(k—2)/2=(n/k)—(k—1)/2. Thus
| S| =|T| =z [(#/k)— (k—1)/2], as required.

Case I1. 1ES. T is, of course, an (n—k, k) set since S is an (n, k) set. Hence
by the inductive hypothesis,

n—k k—1 n k—1
e[ 4
k 2 k 2

and the result follows since in this case | S| =| T'| +1.

As our final problem we take one which has no apparent connection with
arithmetic. The statement is of a purely combinatorial nature, but our solution
connects it with the previous arithmetical problems.

PROBLEM 4. Given n objects, what is the largest number of triples of these objects
such that any two of them overlap in at most one element?

We prove that this maximum number is asymptotic to (#2/6). Construction:
Number the objects 1,2, - - -, #and then choose all the triples whose numbers
add up to 0 (mod 7). These triples can have at most 1 element in common for if
they had 2 then the third ones would be congruent mod # and so equal, and
then the triples would be the same. To estimate the number of these triples,
merely consider all solutions to x+y-+2z=0 (mod %) with x, y, 2, all incongruent.
We choose x arbitrarily and then ¥ so as not to be x, —1x, or —2x. The value of
z is then determined. This forces %, ¥, 2 to be pairwise incongruent. The total
number of choices is thus at least #(z — 3) and the number of triples is, therefore,
at least n(n—3)/6.

Proof. We now show that the maximum number of triples is bounded by
n(n—1)/6. Namely, each triple contains three different couples [e.g., (a, b, ¢)
contains (a, ), (b, ¢), and (¢, a)] all of which must be different, for if two were
the same, then the corresponding triples would have had this couple in common,
contrary to hypothesis. But the total number of couples available is only (#/2),
and since each triple accounts for three of them, the number of the triples is
bounded by %(z/2)=n(n—1)/6.

We mention in passing that attempts to generalize this last problem lead to
interesting questions concerning symmetric functions. Typical among these
questions is the following:

Can one find two symmetric functions F(x, ¥, 2z, w) and G(x, ¥, 2, w) such that
for every 2, w there exists one and, up to symmetry, only one solution %, ¥ to the
system F=0, G=0?
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THE NOTION OF ‘CONSEQUENCE” IN THE
PREDICATE CALCULUS

A. H. LIGHTSTONE, Queen's University, Canada

The purpose of this note is to investigate the technical notion of consequence
(deducibility from assumptions) in the lower predicate calculus, to show that
the definition presented in [1] is inadequate, and to present a workable formula-
tion of this concept. The terminology and symbolism used here is that of [1]. A
key to the notion of consequence is contained in the important extended complete-
ness theorem which asserts that a nonempty set of wff is consistent iff it possesses
a model. Now, this statement is equivalent to the following statement, where
“K” denotes any nonempty set of wff.

(1) A is a consequence of K iff u4 holds in § whenever 8 is a model of K

under p and u4 is a swff of 8.
The right-hand side of (1) is to be interpreted in the following sense:
(2) uA holds in 8 whenever § is a structure and u is a mapping such that:
a. 8 is a model of K under u.
b. ud is a swif of 8.

Our point is that the notion of consequence must be defined so that it satisfies
(1). Moreover, the notion of consequence must be such that eack wif is a conse-
quence of a set of the form {4, ~A}. Now, the definition presented in [1],
namely “A4 is a consequence of K iff there exists a nonempty finite subset of K,
say {Al, ce e, A,.}, such that FA4;/A\ - - - N4A,—A”, fails on both counts.
This is due to the technicality under which an expression of the form “B\/C”,
where B and C are wff, is a wff iff no individual is free in one of B or C, and is
bound in the other. For example, Fx is not a consequence of {VxFx} under this
definition, yet (2) is true for A =Fx and K = {VxFx}. Moreover, under this
definition, Fx is not a consequence of {Vxe, ~Vxe} , for the same reason.

As a first suggestion toward resolving this difficulty, let a wff B be a conse-
quence of K, a nonempty set of wff, iff there are wif 4;, - - -, 4,, 4 such that
{A,, e, A,.}CK, AN - - - NA.—A, and +A—B. Consider the example
given above; under this definition Fx is a consequence of {VxFx}, since -VxFx
—VYyFy and +VYyFy—Fx. However, fresh difficulties now appear. A basic
property of consequence is that a wff A AB is a consequence of K if each con-
junct of A AB is a consequence of K. To establish this, we observe that there
are wff 4y, - + -, A, A’ and By, - - -, B,, B’ such that

{Al,"',AmyBl)".7Bn}CK;

AN - - - NAp—4', FA'>4, BN -+ - AB,—B’, and +B'—B. To
demonstrate that 4 A\B is a consequence of K, we would like to argue as follows:
3 FAA N4 NBIN - ANB)—> A"\ B

and A4’ AB'—A AB, so A/\B is a consequence of K.

The fallacy in this argument is that the expression that appears in (3) need
not be a wff, for the usual reason; for example, there may be an individual which
is freein A;/\ - - + ANA4,, and is bound in B; A - + - AB,.
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It is now clear that we must come to grips with the technicality involved.
One possibility is to drop this restriction on wff, so increasing the set of wif.
However, there are certain advantages to maintaining this condition on wif
that we are not willing to relinquish so easily; so we shall not pursue this line.
In support of this view we mention that the number of cases involved in estab-
lishing a theorem is sometimes reduced by this convention (see [1], Theorem 8,
P. 171; The Substitution Theorem, P. 176; Corollary 2, P. 177; Theorem 12,
P. 178; Theorem 13, P. 203). The fundamental idea is that it is easier to estab-
lish that all wiff (or all provable wif) possess a stated property if there are fewer
wif around.

Our basic approach is that a wff B is a consequence of K, a nonempty set of
wif, iff there are wiff 4,, - - -, A, equivalent to members of K, and a wff 4
equivalent to B, such that FA4; A - - - A4d.,—A. However, in order to focus on
the main problem, which revolves around free and bound individuals and the
possibility that an expression is not a wff, we shall take a special case of this
idea as our definition of consequence, namely that the wif 4y, - - -, 4, are ob-
tained from members of K by substituting for bound individuals, and 4 is
obtained from B by substituting for bound individuals. We now make this
substituting procedure precise, by introducing the *-operation.

DzriNiTION 1. Let C be a wif. Let Cy be obtained from C by replacing a compo-
nent of C of the form “VYtE” by Vs(S;E), where s is not free in C and is chosen so
that Cyis a wff. Let Co be obtained from Cy by replacing a component of C of the form
“YuD” by Yu(S,D), where v is not free in Cy and is chosen so that Cy is a wff. Each
wiff obtained by carrying out a finite number of these substitutions is denoted by “C*”.

We shall interpret this definition so that it embraces the case in which no
substitutions are carried out; thus C* can be C whenever C is a wff.

LeMMA 1. C*=C whenever Cis a wif.

Demonstration. First, we observe that ViE=Vs(S;E) provided that “ViE
—VsSIE” is a wff; so, by the Substitution Theorem (see [1]), each wff obtained
in the process of constructing C* is equivalent to the wff that precedes it in the
chain. Since there is no conflict between free and bound individuals throughout
this process, the transitivity of = applies; we conclude that C*=C.

We now present our definition of consequence.

DEFINITION 2. A wff B is a consequence of a nonempty set of wif K, iff there is a
finite subset of K, say {Al, SRR A,.}, and there exist wff AY, - - -, AY, B¥,
obtained by applying the *-operation, such that —AFN - -« NAf—B*.

As usual, we shall denote “B is a consequence of K” by writing “K+B”.
Here are some examples.

Example 1. { VxFx}t Fx. Take (VxFx)*=VyFy and take (Fx)*=PFx.
Clearly, —VyFy—Fx. '

Example 2. {Fx, ~Fx}VxFx. Take (Fx)*=Fx, (~Fx)*=~Fx, and
(VxFx)*=VyFy. Clearly, - Fx \~Fx—VyFy.
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We shall need the following lemma, which is based on the fact that the
*.operation is local in its application.

LEMMA 2. A* AB*= (4 A\B)* whenever A \B and 4* \B* are wff.

Demonstration. We interpret this lemma as follows. Let C be a wiff obtained
from A /\B by carrying out a chain of substitutions for bound individuals in
the manner of Definition 1. Then there exist wff D and E that are obtained from
A and B respectively by carrying out a chain of substitutions for bound indi-
viduals in the manner of Definition 1, such that D AE=C. Of course, the sub-
stitutions that produce D are precisely the substitutions on 4 A B localized to
A ; the substitutions that produce E are precisely the substitutions on 4 AB
localized to B. This establishes our lemma.

We shall now show that the conjunction of consequences of K is also a
consequence of K.

TueOREM 1. K- A A\ B provided that K- A, K\ B, and A \B is a wff.

Demonstration. By assumption, there are subsets of K, say {Al, cee, Al
and {Bl, <., B,.}, and wff A4* and B* such that
@ FATA - A An— 4%, and
(5) B A --- A Bs— B~

It may be that there is a conflict between free and bound individuals; for
example, there may be an individual ¢ which is bound in (4) and is free in (5).
In that case we alter the *-operation involved in (4) by substituting s for ¢,
where s is an individual which does not occur in (4) or (5). So, we may as well
assume that the *-operation has been carried out so that no individual is bound
in (4) and is free in (5), or vice-versa.

It now follows that

(ASA - ANAYANBEN -+ ABD > 4* A\ B

is a wff. Clearly, this wff is provable. So, by Lemma 2, —(4AFA - - - A4}
ABEN - -+ ABH)—(AA\B)*; thus, K-A\B.
Here is another useful property of our notion.

THEOREM 2. KB whenever K+—A and —A—B.

Demonstration. By assumption, there is a finite subset of K, say

{4, - -+, 4.}, such that FA¥A - -+ A4Ff—A* Now, —A—B; so, by
Lemma 1, —A*—B* no matter how B* is obtained. Choose B* so that Af
A -+ NA¥—B* is a wff (this may also involve altering the *-operation for

some of the 4,'s). Then FA¥A - - - ANAF—B*;so KI-B.

Next, we shall consider the connection between the extended completeness
theorem and (1). Recall that a nonempty set of wif K is said to be contradictory
iff each wff is a consequence of K, and that a nonempty set of wif is said to be
consistent iff it is not contradictory. We shall need the following lemma.

LemMa 3. K\J {~A} is consistent if A is not a consequence of K.
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Demonstration. Assume that K\U{~A} is contradictory. Then K
U{NA} -4 so, there is a finite subset of K, say {Al, cee, A,,}, such that
FAFA - - - NAEN(~A)*—A* So AN - - - NAF—~(~A)*\/ A%

Of course, the substitutions involved in producing (~A4)* from ~A4, are not
necessarily the same as the substitutions involved in producing 4* from 4.
Nevertheless, by Lemma 1, ~(~A4)*= A and 4*=A4;s0 ~(~A)*\/A*=A*, So,
by the substitution theorem, —AFA - - - AA¥—A* Thus, KA. This con-
tradiction establishes our lemma.

Using the properties of consequence developed here, it is easy to verify that
the extended completeness theorem and (1) are equivalent in the sense that
each is deducible from the other. (See [1].)

Since the extended completeness theorem is correct, it follows that (1) is
correct. So, the syntactical notion of comsequence given in Definition 2 has
succeeded in characterizing the semantical notion contained in (2). We mention
that the term “deducibility” is sometimes used for this syntactical concept.
Finally, we point out that our notion of “consequence” has the properties listed
by Montague and Henkin in [2].

References
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A DOODLING PROBLEM INVOLVING THE DENSITY OF
SEGMENT-GENERATED SETS OF POINTS IN
REGIONS OF A PLANE

LARRY HEACOCK, San Francisco

Everyone who has doodled has undoubtedly drawn a polygon and then drawn
all the line segments joining the vertices, then drawn all line segments among
the vertices and the intersections formed by the previously drawn segments,
and so on, until the figure became a mess and patience was exhausted. This
paper will treat this topic in a formal manner and demonstrate that, for certain
polygons, the set of intersection points is dense in certain regions of the plane,
provided that the drawing process continues infinitely. Theorem 8 is the key
theorem of this discussion, leading us to the important results, Theorem 10 and
Theorem 11.

Notation. AB will denote the distance from A4 to B; 4B will denote the seg-
ment joining 4 and B; A(_f% will denote the line through 4 and B. When I say
<>

that C lies between 4 and B, I imply that C lies between 4 and B on line 4 B.
DEFINITION. For any set, S, of poinis in the plane, and any positive integer n,

define S, and S as follows: S,=S for n=1; Su={x: x is a point in the plane and
at least one of the following is true: (1) xESa—1; (2) x is the intersection of the seg-
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ments AB and TD where A, B, C, DESa1}. We will say that S=\J;>., S, is the
set of points segment-generated by S. ’

TueOREM 1. Let A, B, P, Q, E, F, G be distinct points in the plane such that:
(1) P is between E and G, and Q is between F and G.

(2) A and B are between P and Q.

(3) A is between P and B.

(4) 0°< LEGF<180°.

Then there is a k>0 such that given any points, C and D, on AB, such that C#~D
and C is between A and D, there is a point I between C and D such that IES, where
S={P,Q, E, F, G, C, D}, and such that CI>k CD and DI>kCD.

" ¢ I | D

m

Fi1G. 3
! Fic. 4

Proof. Let 4, B, P, Q, E, F, G be points meeting the requirements of our
theorem (Figure 1). Let C and D be points on 4B which meet the requirements
set above. Construct CF and ED, intersecting at M. Clearly M&S. Draw GM,
intersecting CD at I, between C and D. Clearly IES. In Figure 2, draw &,
intersecting DE at L; CB intersecting CF at H; draw BE, CF, AE, and BF. In
Figure 3, draw line m through D, parallel to BE. Draw m’ through C, parallel
to BF. Let m intersect m’ at N. Draw m'’ through N, parallel to BG. Let m'’
intersect CD at R. Clearly RC<CI. Draw = through C, parallel to AF (Figure
4). Draw »’ through D, parallel to AE. Let # intersect #’ at W. Draw =’/ through
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W, parallel to 4G. Let #’ intersect CD at T. We see that TD< DI. Elementary
operations show that CR=CD sin( £ ABE)sin( £ HBF)/sin( £ EBF)sin( £ ABH)
=pCD and TD=CD sin(£LBAF)sin(£LAE)/sin( £ FAE)sin(£BAL)=qCD.

Thus CI>RC=pCD and DI>TD =qCD. For fixed 4, B, E, F, G, P, Q we
see that p and ¢ are fixed. Thus, if we let 2=min(p, ¢) we see that CI>kCD,
DI>ECD for any C, D selected by our requirements. Thus k and I satisfy the
theorem.

TuEOREM 2. Let A, B, P, Q, E, F, G be points satisfying the conditions of the
previous theorem. Let S = { ,B,P,Q,E, F } Then S is dense in AB.
X" X Y Y

1 | ] 1
1 ¥ ] LI

F16. 5

Proof. Let S, 4, B, P, Q, E, F, G satisfy the conditions of Theorem 1 and
suppose that Theorem 2 is not true. Thus there are points X and ¥ on 4B
(Figure 5) such that XY and X is between 4 and Y, and such that if Z is
between X and Y, then Z&S. Let t=sup({4X’: X’ES and X’ is between 4
and X}) and let s=sup({B Y’: Y'ES and Y’ is between B and Y}). Let X", Y"
be those points between 4 and B such that AX" =, BY" =s. Clearly X" V"
= XY. Now consider k as defined in Theorem 1 and choose d so that k(X" Y"’)
>d. There are C, DES between A and B such that C#D, C is between 4 and
X", D is between B and Y”’, and 0= CX"' <d. Construct I asin Theorem 1. Then
IES and, by our supposition, I lies between C and X"’ or else I lies between D
and Y. Because of the symmetry of the problem, we need only consider the
case where I lies between C and X’’. Now, kCD = k(X" Y"’). If I lies between C
and X”’, then CI<CX" <d<kCD. However, by the previous theorem, CI
>ECD. A contradiction! Therefore, our supposition is incorrect; i.e., S is dense
in 4B.

TrEOREM 3. If A, B, P, Q, E, F, G are points satisfying the conditions of the
above theorems and if S=1{ A, B, P, Q, E, F, G}, then S is dense in AP and BQ.

Proof. Because of the symmetry of the problem we 1 need only show the
theorem true for AP. Suppose S is not dense in AP. Then A##P. Let
t=inf ({PX .4 63}). Clearly t>0. Let X be that point between P and B such

that PX =¢ (Figure 6). Draw EX intersecting PF at M; cx intersecting PF at

E F
N
MR YBQ
P X'\\XZ A
G

Fi1G. 6
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N. Draw E?V intersecting 1(?—)Q at Y. Clearly X is between P and Y. Also, there
is a point ZES such that Z is between X and Y. Draw EZ intersecting PF at
R. Clearly RES and R is between M and N and R#N. Draw RG intersecting
PQ at X'. Clearly X’ is between P and X, and X’ES, and X’#X. That is,
PX'<PX, which is a contradiction. Therefore, our supposition is incorrect,
and S is dense in PA4.

TuEOREM 4. If A, B, P, Q, E, F, G are points satisfying the three preceding
theorems, then S is dense in PQ, where S=1{4, B, P, Q, E, F, G}.

Proof. The two preceding theorems prove this theorem.

THEOREM 5. Let G, X, E, F, Y be five distinct points on a circle, lettered clock-
wise in order (Figure 7). Draw GE and GF and X7, letting XY intersect GE at P
and GF at Q. Then S is dense in PQ where S={G, X, E, F, Y}, and PQ.

Proof. Obviously P, Q are distinct from G, X, ¥, E, F and P>#Q. Form PF
and EQ, intersecting at M; GM intersecting PQ at 4; AF intersecting EQ at N;
GN intersecting PQ at B. Then 4, B, P, Q, E, F, G satisfy the above theorem.
Therefore T is dense in PQ, where T'=1{4, B, P, Q, E, F, G}. However, TC3S.
Hence S is dense in PQ.

FiGc. 7 Fi1G. 8

THEOREM 6. Let A, B, C, D, E be five distinct points on a circle, lettered clock-
wise in order. Draw AC, BD intersecting AC at R; CE intersecting BD at S; DA
wntersecting CE at T'; EB intersecting AD at U and AC at V. Then, given any point
X in the region RSTUV, and given any d>0, there is a ZEM, where M

= {A, B,C,D,E } , such that the distance of X from 14_2 1s less than d.

Proof. Form the figure as required (Figure 8) and let X be any point in the
> —— —_—
region RSTUV. Clearly AX intersects RS or ST at a point; call it V. Because

of the symmetry of the problem, we need only consider the case where AX inter-
sects RS. By Theorem 5, we know that ¥ is dense in RS. Therefore, let Z be on
RS, ZEM, such that YZ <d and such that X lies in the exterior of ZCAZ. It

is apparent that the distance, d’, of ¥ to AZ is greater than or equal to the dis-
>
tance, d”’, of X to AZ. And YZ=d’'. Thusd”" =d’'S YZ <d. That is, the distance
>
of X from AZ is less than d.
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THEOREM 7. Let A, B, C, D, E, R, S, T, U, V and M be defined as in Theorem
6, and let X be any point in the region RSTUV. Then M is dense in region RSTUYV.

Proof. Form the required figure (Figure 9). Let d> 0 be chosen and let X be an
arbitrarily chosen point in the region RSTUV. Then, by the previous theorem,
for any >0 there are ¥, ZEM, such that the distance of X from C(_i/') and D(_Z)
is less than %k and X lies in the exterior of ZACY and £ADZ (Figure 10). Note
that Z lies on UV or VR, and Y lieson TU or UV. Let W be the intersection
of (,(‘_I;’ and 1<)—)Z Clearly WEM. Let line » be drawn through X and perpendicu-

<> <> .
lar to CY, intersecting CY at H. Draw line m' through X and perpendicular to
DZ, intersecting DZ at J. Now ZCADS ZCWDS £CSD. Let's find WX.
First we find HJ. We have (HJ)?=(HX)?4+(XJ)?—2(HX)(XJ)cos(180°
—LHWJ)=(HX)*+(XJ)2+2(HX)(XJ)cos(LHWJ); (WX)2=(WJ)24(XJ)?
and WJ=(HJ)sin( L WHJ)/sin(LHWJ). .

Y

Q

F1c. 9 F1G. 10

Thus (WX)2=sin2(LWHJ)sin"2(LHWJ)(HJ)2+ (XJ)2 Also, LWHJ
=90°— L JHX. Hence sin( £ WHJ) =sin(90°— £ JHX) =cos( £ JHX). There-
fore (WX)2=cos®(LJHX)sin 2(LHWJ)(HJ)*+ (XJ)?= (1 —sin2( L JHX))
sin~2(LHWJ)(HJ)? + (XJ)%. Now sin(£JHX) = sin(£LHXJ)(XJ)/(HJ)
=sin(180°— LHWJI)(XJ)/(HJ)=sin( LHWJ)(XJ)/(HJ). Therefore (WX)?
=1 —sin2( LHWJI)(XJ)2(HJT) D)sin~2( LHWJI)(HJ)?+ (X J)2=(sin"2( LHWJ)
—(XNAHT))(HI) (X J)2=(HJ)%sin"2(LHWJ).

Let p = min(sin (£ CSD), sin( £ CAD)). We see that sin(Z HWJ) = ».
Thus (WX)2 =< (HJT)%/p? S ((HX) + (XJ))2/p% < 4k2/p2 Consequently, WX
<2k/p. Let E<pd/2. It then follows that WE M and WX <d.

It should be obvious that RST UV is the largest region in the plane in which
M is dense.

TrEOREM 8. If A, B, C, D, E are any five distinct points on a nondegenerate
conic with eccentricity <1, then, letting R, S, T, U, V be found as above, it follows
that M is dense in RSTUV, where M= {4, B, C, D, E}.

Proof. If 4, B, C, D, E are any five distinct points on a nondegenerate conic
with eccentricity <1, then there is a cone containing this section and a circle is
the central projection, f, of this section onto a plane perpendicular to the axis
but not passing through the focus of the cone. The focus of the cone is taken as
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the center of the projection. Since we have chosen a nondegenerate case, f~!
exists, and f and f~! preserve distinctness of line and point and preserve density.
Let f(X) =X’ for each X. Then, by Theorem 7, M’ isdensein R’S’T’ U’V in the
plane of the circle. Applying f~! we find that ¥ is dense in RSTUV.

The converse of Theorem 8 is not true. For example, consider a degenerate
conic consisting of two parallel lines with 4, B, C on one line and D, E on the
other. Let S= {A, B,C, D, E } However, we do have the following interesting
but trivial result:

THEOREM 9. A set S must contain at least five points if S is to be dense in a
region of the plane.

Proof. If S contains four or fewer points, then S is finite. v
Since five points in a plane determine a conic section we may use Theorem 8
to prove:

TrEOREM 10. If A, B, C, D, E are any five distinct points in a plane and deter-
mine a nondegenerate conic section such that they all lie on one branch of the conic,
then letting R, S, T, U, V be found as above, it follows that M is dense in RSTUV,
where M= {4, B, C, D, E}.

Proof. Because of Theorem 8, we need only consider the case where the
points determine a hyperbola. Given such conditions we know that there is a
cone containing this conic section and that the section may be orthogonally
projected onto a parabolic section of this cone. This projection, f, preserves
distinctness of line, point, and density, as does its inverse, f~!. With f(X)=X"’
we see by Theorem 8 that M’ is dense in R’S’T’ U’ V' in the plane of the parabola.
Thus, applying f~1, we see that M is dense in RSTUYV.

These results may be extended still further.

DEFINITION. For any set S of poinis in the plane, and any positive initeger n,
define Sy and S* as follows: Sy =S for n=1; Sy = {x: x is a point in the plane and
at least one of the following is true: (1) xESk_,; (2) x is the intersection of the lines
AB and CD where A, B, C, DES;E_,}. We will say that S*=Ug., Sy is the set of
intersect-generated points generated by S. Clearly SC.S*.

THEOREM 11. Let A, B, C, D, E be five distinct points in a plane which determine
a nondegenerate conic and lie on one branch of the conic. Then S* is dense in the
plane, where S={A, B, C, D, E}.

Proof. Form R, S, T, U, V as shown in Figure 11. By Theorem 10 we know S
isdense in RSTUYV. Let X be any point in the plane and let d >0 be chosen. Let
Y, Z&S and such that X, ¥, Z are not collinear. Let ¥’, Z’ be points in region
RSTUYV such that Y’ is between ¥ and X, Z’ is between Z and X. If 2> 0 there
are Y, Z""E€S such that Y'Y <k, Z'Z" <k, and Y, Z" are in the interior of
LYXZ. Let ZZ" intersect ¥V at X’. Draw m through X’ and perpendicular
to )8/, intersecting ﬁ/’ at H. Draw m' through X’ and perpendicular to }2’_2,
intersecting ﬁ at J. Some manipulations show that XX’'=HJ/ | sin(£HX J)l
S(HX'+JX')/|sin(LHXJ)| <2k/|sin(£HXJ)|. Since £HXJ is constant
we may let k<d|sin(£LHXJ)| /2. Consequently XX’ <d and, of course, X’ & .S*.
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Fic. 11

Returning to polygons we see that if any five of the vertices of a polygon
determine a nondegenerate conic, and lie on one branch of that conic, then the
set of segment-generated points generated by the vertices is dense in a specifiable
region of the plane. Also, the set of intersect-generated points is dense in the
plane. Thus our doodling conjecture is decided.

CONSTRUCTIONS FOR THE SOLUTION OF THE m
QUEENS PROBLEM

E. J. HOFFMAN, J. C. LOESSI, and R. C. MOORE,
The Johns Hopkins University Applied Physics Laboratory

The problem of the m queens, originally introduced by Gauss (with m =38),
may be stated as follows: is it possible to place # queens on an m Xm chess-
board so that no one queen can be taken by any other? The problem is an inter-
esting one because it reduces to that of finding a maximum internally stable set,
S, of a symmetric graph, G= (X, I'), the vertices of which correspond to the m?
square elements of an m Xm matrix, where x’ is an element of I'x only if x and «’
are on the same row or column or diagonal, and where I'SMN.S is the null set.
(See [1].) Obviously, | S| cannot be greater than .

By treating the chessboard as an m Xm matrix of square elements, we can
identify any square by an ordered pair, (¢, j), where 7z and j are the row and
column numbers of the square, respectively. We define a major diagonal of the
matrix to be a set of elements (¢, ) such that m —j+7=CONSTANT where the
CONSTANT is the number of the diagonal. The major diagonal numbered
will be called the principal diagonal. Clearly, all points on the principal diagonal
have the property 7=7.

We further define a minor diagonal of the matrix to be a set of elements (¢, 7)
such that 47—1=CONSTANT where the CONSTANT is the number of the
diagonal.
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The m queens problem can now be stated as follows: place m queens on an
m Xm matrix of square elements so that, for the elements occupied,

a) the row numbers are unique,

b) the column numbers are unique,

c) the major diagonal numbers are unique, and

d) the minor diagonal numbers are unique.

The constructions which follow are sufficient to solve the m queens problem;
the theorems delineate which of the constructions are appropriate for a given .
It will be shown that the solutions apply for all m = 4.

Construction A. Form an m Xm matrix of square elements with m =2#n, where
n=2,3,4,5 -+ -.

i) Place queens on the elements (%, jx), where 44 =F% and ji, =2k, k=1, 2,
3’ cee .

ii) Place queens on the elements (3, ji), where ¢;=2n-+1—1 and 7;=2n-+1
—-21,1=1,2,3,---,mn.

a).. =
b FEEHF e

Fi1G. 1. (a) Solution of 12X 12 matrix using Construction A. (b) Solution of 14X14 matrix
using Construction B and extension to 15X 15 matrix using Construction C.

Construction B. Form an m Xm matrix of square elements with # =2#», where
n=2,3,4,5,+--.
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i) Place queens on the elements (¢, jr), where 2 =k and
jk=1+{[2(k—1)+n—1]modulom}, E=1,2,3,---,n

ii) Place queens on the elements (4;, j;), where 7;=2n+1—/ and j,
=2n—{[2(0—1)+n—1] modulo m}, 1=1,2,3, - - -, n.

Construction C. To an m Xm matrix of square elements add an (m+1)th row
and an (m+1)th column. Place a queen on the element (m+1, m+1).
Figure 1 shows typical examples of Constructions A, B, and C.

THEOREM 1. 4 solution of the m queens problem is obtained when Construction
A is applied to an m Xm matrix, m=2n, where n is an integer greater than zero
such that n=3\+1,A=0,1,2, - - - .

Proof. Part i) of Construction A places queens on the elements (k, 2k) while
part ii) places queens on the elements (2n-+41—I, 2n4+1-21), 1= (k, ) =n.
Clearly, part i) places one queen on an element of each of the first # rows and
also on each even-numbered column. Part ii) places one queen on an element of
each of the second # rows and also on each odd-numbered column. Therefore,
each row and column has one and only one queen.

The major diagonals which are used by part i) are numbered 2n—2k+k
=2n—k, 1 =k =Zn. Clearly, these are unique. The major diagonals used by part
ii) are numbered 22— (2n+1—-20)42n+4+1—1=2n+1], 1=I=n. Clearly, these
are also unique.

Assume a queen from part i) occupies the same major diagonal as a queen
from part ii). Then 2n—k=2n-+1 and —k=! which is impossible, so we are
forced to abandon the hypothesis that two queens occupy the same major
diagonal.

The minor diagonals which are used by part i) are numbered k+2k—1
=3k—1, 1 =k =n. Clearly, these are unique. The minor diagonals used by part
ii) are numbered 2n+1—I142n+1—2l—1=4n—3l+1, 1 =/ =<n. Clearly, these
are also unique.

Assume a queen from part i) occupies the same minor diagonal as a queen
from part ii) so that 34 —1=4#n—3/+1 and 4n =3(k+1) —2. Since # is an integer,
k+! must be even, and we can write

k
2n=3<-il> —1.
2

Now we see that (k+1)/2 must be odd, say, (k+1)/2=2\+1,A=0,1, 2, - - -
and we have 2n=3(2A\+1)—1=6A+2 so that u=3\+1,A=0, 1, 2, - - -, which
are the values excluded by the theorem. Hence we are forced to abandon the
hypothesis that two queens occupy the same minor diagonal, and the theorem
is established.

THEOREM 2. A solution of the m queens problem is obtained when Construction
B is applied to an m Xm matrix, m =2n, where n is an integer greater than unity
such that n#=3\, A =1,2,3, - - -.
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Proof. Part i) of Construction B places queens on the elements (1, ),

2, n+2), (3, n+4), - - -, (r, s) where
n+ 2
) m even
2 2n, 7 even
r = and s = { } ,
n+1 2n — 1, n odd
» n odd
2
and on the elements (¥/, '), (*'+1, s'+2), - - -, (n, n—2) where

, . 2, n even
Y =r41 and § = .

1, n odd

Part ii) of Construction B places queens on the elements (2n, n+1), 2n—1,

%—1), (2%—2, n—3), T (P’ Q) where
3n .
— 7 even
2 1, n even
p= and ¢ = { } ,
3n+1 2, n odd
» n odd
and on the elements (p', ¢’), ('—1, ¢ —2), (p'=2, ¢ —4), - - -, (m+1, n+3)
where
'mp—1 and ¢ = {2n—l,neven}
# 1 2n, nodd f

Clearly, part i) places one queen on an element of each of the first # rows, and
also on each even-numbered column (if # is even) or each odd-numbered column
(if # is odd). Part ii) places one queen on an element of each of the second # rows
and also on each odd-numbered column (if # is even) or each even-numbered
column (if # is odd). Therefore, each row and column has one and only one
queen.

The major diagonals which are used by part i) are numbered 2z — [2(k—1) +]
+k=n—k+2 for 1=k=r, and 2n—[2(F —1)—n]+k =3n—k'+2 for o
=k’=n. Clearly, since the largest of the first set is #—1+4+2=%n-41 and the
smallest of the second set is 3 —n—+42=2(n-+1), these are unique. The major
diagonals used by part ii) are numbered

m—{2m+1—-2C—-D)+nl}+2+1—-1=3n+1-2
1<I<2m4+1—p,
and
m— {2+ 1—-20 — 1) —ul}+ 20 +1 -V =n+V—2
n+1—p =V =S

Clearly, since the smallest of the first set is 3n+1—2=3n—1 and the largest
of the second set is n+#n—2=2(n—1), these are unique.
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Assume a queen from part i) occupies the same major diagonal as a queen
from part ii). We would then have

Wu—k+2=3n+1-2, @) 3dm—F+2=3n+1—20r
QD n—k+2=n+1 -2, 4 3n—FKF+2=n4+10 -2
Equation (1) implies 2+/=4—2#, but since the smallest £}/ can be is 2, this

can never happen, since # is greater than unity. Equation (2) implies k-7 =4,
and the smallest k-1’ will ever be is

n-+6

) m EVEN

<
n-+35

y'}’LOddj

Equation (3) implies &’ +1=4, and the smallest k' will ever be is
n-+6

y meven

ln+5
» n odd

Equations (2) and (3) can be satisfied, therefore, only if # =2 or = 3. The value
n=23 is excluded in the statement of the theorem. For #=2 we have r=2 and
2n+1—p=mn so that »'=r+1>n and 2n4+1—2p'=2n-+2—p>n, and neither
k' nor I’ can exist. Equation (4) implies '+’ =2n-4, but the largest k' 4/’ will
ever be is 27, so we are forced to abandon the hypothesis that two queens occupy
the same major diagonal.

The minor diagonals which are used by part i) are numbered 24+2(k—1)
+n—1=n+3k—3 for 1=5k=<r, and k'+2(k'—1)—n—1=—n-+3k" -3 for
7’ £k’ <. The minor diagonals used by part ii) are numbered 2#+1—I142n+41
—2(0—1)—n—1=3n—3l4+3for 12I=2n+1—p,and 2n+1—-0'42n4+1-2('—1)
+n—1=5n—3I'+3 for 2n+1—p'<V'=Sn.

Assume two queens occupy the same minor diagonal. We would then have

() n+3k—3=—n-+ 3t —3, 8) —n+ 3k —3=3n—30+3,
6) n+3k—3=23n—314 3, ) —n+3k —3=5n—3'43,o0r
() n+3k—3=5n—3I'+3, (10) 3w — 31+ 3 = 52 — 3V + 3.

Equation (5) implies 2#=3(k'—k), so k'’ —k must be even, say &' —Fk=2),
A=1,2,3,---.Then 2n=3(2\), n=23\, which are the values excluded by the
theorem. Similarly, equation (10) resultsin 2n=3( —1), ' —1=2\, n =3\,

Equation (6) implies 2z =3(k-+1—2), so k+I1—2 must be even, say k+I1—2
=2\ A=1,2,3, - - -.Then 2n=3(2\), =23\, which are the values excluded by
the theorem.

Equation (7) implies 4n=23(k+1'—2), so k+1'—2 must be doubly even, say
B+ —2=4\ A=1, 2, 3, - - -. Then 4n=3(4\), n=23\, which are the values
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excluded by the theorem. Similarly, equation (8) results in 4n=3(k'+1—2),
B +1—2=4\, n=23\.
Finally, equation (9) implies 6% =3(k'+1'—2), 2n=Fk’+1' —2. But the largest
k' +1I'—2 will ever be is 2n—2, so we are forced to abandon the hypothesis that
two queens occupy the same minor diagonal, and the theorem is established.
Before examining the validity of Construction C, it will be necessary to prove
the following two lemmas:

LemwMma 1. Construction A places no queens on the principal diagonal.

Proof. The principal diagonal was defined as the major diagonal for which
1=j. Suppose a queen from Construction A occupies the principal diagonal. Then
either

1) k= 2k for some 1 £ k= #%, or

@ m+1—1l=2+1—21 forsomel <I<mn.

Equation (1) implies =0, which contradicts the bound 2=1. Likewise,
equation (2) implies /=0, contradicting the bound /=1. We therefore abandon
the hypothesis that a queen exists on the principal diagonal, and the lemma is
established.

LeMMA 2. Construction B places no queens on the principal diagonal.

Proof. The reasoning here is similar to that in Lemma 1. Suppose a queen
from part (i) of Construction B occupies the principal diagonal. Then either

M 2k—-1)+n==F forsome 1 £ k =<7, or

@) 2( —1) —n=F forsome? < F = u.

Equation (1) implies k=2 —#=. But »>1, implying k<0, which contradicts
the bound 2= 1. Equation (2) implies #’ =#-2, contradicting the bound k' <#.
Thus no queen from part (i) can occupy the principal diagonal. Suppose a queen
from part (ii) occupies the principal diagonal. Then either

B) 2n+1—-[20—10)+n]=2n+1—1 forsomel £I=<2n+1—p,or
4) 2n+1—[20 —1) —n]l=2n+1—1I' forsome2n+1—p' =l Zn.

Equation (3) implies /=2 —n. But #>1, implying <0, which contradicts
the bound /=1. Equation (4) implies /! =#-2, contradicting the bound ' <#.
Thus no queen from part (ii) can occupy the principal diagonal, and the lemma
is established.

THEOREM 3. A4 solution of the m queens problem for an (m—+1) X (m+1) matrix
1s obtained when Construction C is applied to an m Xm matrix which has previously
been solved by Construction A or Construction B.

Proof. By creating a new (m—+1)th row and (m-1)th column and placing a
queen at (m+1, m—+1), Construction C obviously preserves unique row and
column numbers. In addition, it creates a new minor diagonal containing only
the element (m 41, m-+1), thus preserving unique minor diagonal numbers.
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The principal diagonal of the (m 1) X (m+1) matrix is, however, an exten-
sion of the principal diagonal of the m Xm matrix. But from Lemmas 1 and 2
we know that this diagonal must have been empty. Hence, unique major diago-
nal numbers are preserved and the theorem is established.

Each of the three constructions contained an exclusion for certain values
of m. It remains only to prove

THEOREM 4. The m queens problem is solved for all m =4 by either Construction
A, B, or C.

Proof. Construction A applies to even m except for m=2(3\+1),A=0,1, 2,

-,or
1) m = 6\s — 4 M=1,2,3,---.
Construction B applies to even m except for m =2(3\z)
(2a) m=06\ Ap=1,2,3, .-,
and
(2b) m= 2.

The special case, equation (2b), results from the exclusion of =1 in the
statement of Theorem 2.

Finally, Construction C applies to all odd # for which m —1 can be solved by
either A or B.

Let M’ be the set of integers m’>1 having the property that neither Con-
struction A, B, or C solves the m’ Xm' matrix. Any even member, m,, of M’
must be simultaneously excluded from both A and B, implying either

3) 6Aa —4 =m! =2, or
(4a) 6As — 4 =m! = 6\p
(4b) A — 2/3 =g

for some pair of integers A4 and Az. Equation (4) can never be satisfied by inte-
ger N's. Equation (3) is satisfied only at A4 =1, so that m./ =2 is the only even
member of M’.

Any odd member of M’, say m{, must be excluded from Construction C,
implying that the even member m{ —1 is excluded from both A and B. But we
have seen that the only even number excluded from A and B is m/ =2, so the
only odd member of M’ is m¢ =3. M’ therefore contains only the two integers
2 and 3, and the theorem is established.

Reference

1. Claude Berge, The Theory of Graphs and its Applications, Wiley, New York, 1962, pp.
35-36.
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A METHOD OF TRISECTION OF AN ANGLE AND
X-SECTION OF AN ANGLE

HUNG TAO SHENG, Grand Rapids, Michigan
1. Parallel lines on a cylinder.

TuEOREM 1. If a line on the surface of the cylinder is parallel to the center line,
then the length of this line will not change if we rotate the cylinder and look at the
side view.

Proof. Draw P\Py||PyP;, ABLP:\P; and PyP;, A’B’LP\P; and P,Py; then
AB=A’B’ and ABHA’B' . If we draw the same picture as above on a cylinder
with both lines 4B and A’B’ parallel to the center line CC’ (Figure 2), the result
will be the same: AB=A’B’ and AB”A’B’ . Suppose that we only draw the line
AB on a cylinder and parallel to the center line CC’ as in Figure 1 and then
rotate the cylinder with the center line CC’ as an axis. The line AB will then

move up and down but its length never changes as we look at the side view
(Figure 3).

.P; Pz P 1 P, 2
A B A B
C c +
A’ B’ A’ B’
Py P P, Py
Fic. 1 F1G. 2
b 1 Nan
C - CI + - CI 4
W i—5 W
Side View End | View Side View End !View
FiG. 3a F16. 3b

2. The relation between the cylinder and the sine curve.

TraEOREM Il. If a straight line is set with an angle to the center line of a cylinder
and this line is bent around the cylinder and kept in the same plane then the projec-
tton of this line on the center plane EFGH (Figure 4c) is a sine curve.

B B
~ B B
N,
C L 3 C, T + CI w
A
4~ Side View 4! Find'View 4 Side View End ' View
FiG. 4a F1G. 4b

DEMONSTRATION A. Take a piece of string as 4B tangent to the cylinder at
point 7" with an angle 6 to the center line CC’ (Figure 4a). Then bend this string
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Center Plane
|

B F
CI
" A Side View ¢ End ! View
F1G. 4c

FiG. 5a FiG. 5b Fi1G. Sc

Fic. 6b

F1G. 6a

- b

d d

o
Qh"s

g e dia b m

Fi1G. 7a
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AB (as shown by the arrows in Figure 4a) with both ends 4 and B around the
cylinder and keep the string 4B in the same plane. Then when we look at the
side view (Figure 4b) the string will have the semblance of a sine curve.

DeMmonsTRATION B. Cut a piece of paper to make a right triangle ABC
(Figure 5a). Then roll this triangle on a cylinder with the side BC along the edge
DH of the cylinder (Figure 5b). Then when we look at the side view the line
EF (a part of side 4B) will have the semblance of a sine curve (Figure 5c).

DEeMoNSTRATION C. Cut a piece of soft cardboard about 6" square. Draw a
line A B diagonally on the cardboard (Figure 6a). Then roll up the cardboard as
a cylinder (Figure 6b). The line AB will have the semblance of a sine curve.

DEMONSTRATION D. When you go to get a hair cut take a few minutes to
watch the barber shop sign!

Proof. Cut a piece of paper to make a right triangle ABC (Figure 7a).
Make side AC equal to a quarter of the circumference of a cylinder of di-
ameter D. Divide the side AC of the right triangle ABC into a number of
equal parts (say 8 parts): da=ab=bc=cd =de=¢f =fg=gC. From each point
a,b,c,d,e f, and g draw lines parallel to BC and intercepting AB at o/, b’, ¢/, d’,
¢, f’, and g’ respectively. Then Aa’=a'b' =b'¢c’ =c'd' =d'e’ =e'f' =f'¢’ =g’ C and

LAda= LdVb= Lbc= LJdd= Ldde= Lef'f= Lf'gg= LgBC.

From each point ¢, ¥/, ¢/, d’, ¢/, f' and g’ draw a line perpendicular to BC; then
Cay=aiby =bici=cdi=dier =esfi =fig1 =g B.

bl
cl

d'
6'

fl
/

Bafiadaba

Side View End View
FiGc. 7b

Paste the right triangle 4ABC on the cylinder and match the point 4 of the
triangle with the point A on the top of the cylinder. Let the side A C of the tri-
angle drop along the edge AC of the cylinder (Figure 7b). Then the lines a’a,
b’b, c'c, d’d, €'e, f'f, and g’g are all parallel to the center line of the cylinder. Mark
the points a, b, ¢, d, ¢, f, and g on the end view of the cylinder also. Connect these
points to the center O (Figure 7b). Then
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@=;5=Z;=;d\=:i;=;f=?=gfé
and
£LAOa = £LaOb = LbOc = LcOd = £dOe = LeOf = LfOg = £gOC.

From each point (Figure 7b, end view) a, b, ¢, d, ¢, f, and g draw line segments
aas, bbs, ccs, dds, ees, ff2, and ggs perpendicular to the center line OC. It is clear
the ratio of each line segment to the radius is the sine of the opposite angle, e.g.,

aas . bbz .

— = sin Za0a., —— = sin £b0b., etc.

Oa 0b
Look at the side view of Figure 7b. The segments Cay, a1b1, bic1, c1dy, daes, exfy, f1g1,
and g B always remain the same length (Theorem I) and the parallel line seg-
ments a’a, b'b, c’c, d'd, €’e, f’f, and g’g also remain the same length (Theorem I).
But the space between these parallel lines a’a, b'd, ¢'c, d'd, ¢’e, f'f, and g'g
changes. That is Ada <ab <bc<cd <de <ef <fg <gC and so the angles also change
in size. That is, Zdad'a< La't'b< LV c'c< L'd'd< Ldee< Le'fIf< Lf'g'g
< £g'BC. This means the tangent at each point is changed. So when we look at
the side view, 4 B is a curve and not a straight line.

D
CENTER PLANE

B & fiedio bt

Fic. 8

Now if we project the side view of Figure 7b to the center plane ACC’'D of
the cylinder (Figure 8 as shown in perspective view for easier observance), we
will have the same picture on the side view as well as on the center plane. So
the lines a’ay, b'by, ¢’c1, d'dy, €'es, f'f1, and g’gy are all straight and all perpendicular
to the center line CC’; then a’ay=aas, b'by=>0bbs, c'ci=cc, d'dy=dd,, ¢’'e;=cees,
f'fi=ffe, and g’g1 =ggs. All of these results are fulfilled in a sine curve. So AB is a
sine curve on the center plane.

Now we come back to the side view of Figure 7b. On the sine curve 4B, '
is not equal to d’¢’; on 4C, cd is not equal to de. In the end view, however, cd is
the arc of ZcOd and @e is the arc of Zd0Oe and these two angles are equal. On
BC of the side view, cd, is equal to dye; and never changes. From this relation-
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ship, if we want to find two equal angles on the circle (end view of the cylinder),
we must have the equal segments on the line BC (side view). Then (Figure 9a)
from each point which cuts the equal segments on the line BC we draw lines
perpendicular to line BC and intercepting the sine curve at certain points, say
X1, Y1, and Z,. Then from X, Y1, and Z; draw lines parallel to the line BC and
intercepting A C at the points X, Y, and Z,. (This step may be omitted, be-
cause the parallel lines can intercept the circle directly.) Extend these parallel
lines to intercept the circle at points X3, V3, and Z;. Connect X30, Y30 and Z;0;
then £X30Y3= A Y30Z3.

A Z, Zs A

Z
A
x Yz Y&\
X: Xs
TT B XY Z|C cl y

Side View End View

B XY Z|C C

4
Yy Y
Z:
Xl X2 X2 30‘&
Xs
y

Side View End View
Fic. 9b

Suppose by imagination we lift the point 4 up as shown in Figure 9b; then
ABC is a right triangle. It is clear that XY =YZ, X, V= Y1Z,, and X, Vo= YsZs
by construction. Suppose we push AABC back to the cylinder. Then X, will
drop on X3, ¥, will drop on V3, and Z, will drop on Z;. So XY= V3Z;; that is,
£8= L¢. This means that XYV:YZ =/_<0: L¢p=1:1: Suppose XY = YZ; then
XY: YZ=X1Y1:Y121=X2Y2: Y2Z2=X3Y3: 3liz = 20: l(ﬁ The ratio never
changes. It is possible to cut two segments X ¥V'=YZ or cut two arcs Xv=Vz
by using a compass. But it is impossible to cut a segment equal to an arc. So
the sine curve acts as the intermediary in the relationship between segments

and arcs.

TuroreM III. If a point (point A in Figure 10 and Figure 11) or points
(points A and C in Figure 12) on a circle divides an angle into two parts ( £6 and
Lo in Figure 10 and Figure 11) or more than two parts (L0, L and Ly in
Figure 12), then from this point or points draw a line (AB in Figure 10 and Figure
11) or lines (AB and CD in Figure 12) parallel to the cenier line 0.0, of the circle
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and intercepting the sine curve at a certain point (point B in Figure 10 and Figure
11) or points (points B and D in Figure 12). From this point or points which are
on the sine curve draw a line or lines perpendicular to the center line 0,0, and inter-
cepting the center line at a certain point or points which divide the center line into
different segments (a, b in Figure 10 and Figure 11, and a, b, and c in Figure 12).
Then the ratios of these segments are in proportion to these divided angles (L0, L¢
in Figure 10 and Figure 11 and £0, Lo, and Ly in Figure 12) and vice versa.

T |
]
B
0;
| a ! b !
o . r a:b=L0: Lop=1:1
4 2
Fic. 10
B 5
0:
! ot
0 z z b= £0: Lo=2:1
3 2 ¢ ¢
FiG. 11
o
| 2
/K
B
D
Oy

0;
' t
bt
3 1 2

aibic=L0: Lp: Ly=1:1:2

Fic. 12
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A
Xy Xﬁ
Yl y Y’
Zy Z2
0
B\Z\IY\’\X C (0]
Fic. 13

3. Trisection of an angle. Let Z6 be the given angle to be trisected (Figure
13). Taking O as the center, draw a circle intercepting both sides of Z6 at X,
and C. Draw the sine curve corresponding to the circle O. From X, draw a line
parallel to the center line BC and intercepting the sine curve at X;. From X;
draw line X;X perpendicular to BC and intercepting BC at X. Divide BX into
3 equal parts (theorem of parallel lines), BZ=ZY=YX. Draw lines Z:Z and
Y1Y perpendicular to BC and intercepting the sine curve at Z; and Y;. From
points Z; and Y7 draw Y1V, and Z;Z, both parallel to XX, and intercepting
the circle O at Y, and Z,. Connect Y,0 and Z,0. Then the lines Y,0 and Z,0
will divide £ into 3 equal parts.

Proof. BZ=ZY =YX by construction.
LX0YVy= LY 0Zy = £LZ,0C from Theorem III.

Xy

Yy

Ty

Uy

V1

Wy

B WY UTZY X
Fic. 14

4. X-section of an angle, X=7. Take the same steps as in the trisection of
an angle but divide BX into 7 equal parts instead of 3 equal parts (Figure 14).
Then BW=WV=VU=UT=1Z=ZY=YX. In a similar manner, find the
points Y1, Z1, T1, Uy, Vi, and W on the sine curve and points Y, Z,, T, Us, Vo,
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and W, on the circle O. Connect lines Y»0, Z,0, 1720, U,0, V,0, and W,0. Then
these lines will divide £6 into 7 equal parts.

Proof. Similar to proof of theorem on trisection of an angle.

5. Compared with the method of Nicomedes.

A. This method takes fewer steps.

B. Constructing a sine curve is easier than constructing a conchoid curve.
{(Sine curve: y =sin x; Conchoid of Nicomedes: x2y?= (y+a)2(b%2—y?).)

C. This method can be used to divide a given angle into any number of
equal parts.

D. Since there are an infinite number of points of the curve and only a finite
number of them can be constructed, using the Conchoid curve for the tri-
section of an angle is not a purely geometric one.

SECTIONS OF n-DIMENSIONAL SPHERICAL CONES
NANCY KEYTON, Texas Technological College

Many proofs have been given for the proposition: The intersection of a
right circular cone and o plane is a second degree curve (comic). In this article,
first, we supply a vector proof of this proposition. Then we generalize the theo-
rem for sections of a spherical cone in an #-dimensional Euclidean space.

1. Notations. All spaces are real Euclidean. The inner product of two vectors
will be denoted by (a, B). The norm of « is ||a]|. The subspace spanned by the
set of vectors {ay, + - -, ax} will be indicated by [ay, - - -, a].

Fic. 1

2. TaeOREM. A plane and o right circular cone intersect in a second degree
curve (conic section).

Proof. Consider the orthonormal set {al, o, a3} (Figure 1). Let the vector
v¥€E [y, az] such that
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v = (a cos t)as + (e sin f)as,

where a, a positive fixed real number, is the radius of the circle generated by +.
Choose the vector 6 on a3 such that § =bas, where b is a fixed, real positive num-
ber. We can now consider the right circular cone generated by the line passing
through the end points of v and § and about an axis whose unit vector is as.

Consider any vector £ ending on the surface of the cone. It is clear that
E=py+gd, p+g=1.

LetBbea vector such that 3€ [z, 5] and ”,8” =1.ThenfB= (B, as)as+ (B, as)cs.
Consider the plane [y, 8]. Now in order to discuss the intersection of this plane
and the cone we must also have £E€[cy, B]. Then £=xa;+yB. Therefore £
=xo1+v(B, az)az+y(B, as)as for £ in the plane, and £ =p(a cos £)a;+p(a sin ),
~+gbas for £ ending on the cone. These equalities imply that

X = ap cos ¢,
y(8, az) = ap sin ¢,
¥(B, as) = ¢b, where p + ¢ = 1.
Suppose sin ¢ and cos ¢ are different from zero. Then

x y(B, as) y(8, as)
= ) " ) and q= .
a cos ¢ a sin ¢ b

Therefore we have the equations

x +y(B,C¥3) =1

)

a cos ! b
y(B,. a) + y(8, as) _1
a sin ¢ b
This set of equations implies that
X _ y(B; a?) .
@ cos ¢ asin ¢
Thus
a X
—cost=—-—-——,
b b— y(ﬂ; a3)
a b
—sint=—y-('3—az)—a b— 9B, as) #0.
b b— y(B, 013)
This set of equations implies that
a? x? + 3%(B, a2)?

J— 2 in2 _—_— .
B (cos? ¢ + sin?¢) b= 5, a]’

Consequently b2%x2+b2(8, az)2y?=a?[b—v(B, ;) |* which proves the theorem.
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Special cases where either cos ¢ or sin ¢ or b —¥(8, as) is zero should be dis-
cussed. We omit the discussion.

3. Spherical cones. Let E, be an z#-dimensional Euclidean space. Choose the
orthonormal basis {al, <. ,oz,.} inE,. Let vyE [ay, - - - ,an_l] with H'y” =7>0.
Then there are real numbers a;, i=1, - - -, n—1 for which y= >_?-! a;0; and
> n-la2=r2 Choose 8=ba,, where b is a fixed, real positive number. Let
E=py+qd, p+g=1. The locus of £ (end point of £) as y changes is called an
(n—1)-dimensional right spherical cone.

4. THEOREM. 4 hyperplane intersects a right spherical cone in a guadric.

Proof. Let {a, - - -, aa} be the orthonormal set of Section 3. Choose the
orthonormal set {,82, N Bn_l} such that B; & [ag, <o, an] for t=2,.- -,
n—1. Then

1 Bi= B a)as + -+ - + By an)os, 1=2, - - -, m — 1.

Consider the hyperplane [a1, B, * - * , Ba_1]. Let £ be in the intersection of this
hyperplane and the cone. Then £E€ [ay, B2, - + -, Bn_1] and £ satisfies the defini-
tion in 3. Thus

E=war + w2t - -+ %9801
£ = plaior+ - - - + Gpo10a-1) + gban, p+q=1.
However, by (1), we have
£ = mas + [(B, a)ar + - - - 4 (Ba, o))
+ - xn-l[(Bn-—l’ Otz)az + (Bn—l, an)an]
= plaas + * -+ Goa@na) + ghan,  ptg=1
This identity implies that
X1 = pa
®2(B2, az) + -+ F Xac1(Ba1, a2) = pas
®2(B2y an—1) + -+ + + %u1(Bn1, tn1) = pana
%2(B2y o) + ¢+ + Xne1(Bn1, an) = ¢b, ptqg=1

Suppose a3, -+ +, @y are all different from zero. Then
X1
T w
5= %2(B2y a2) + + + + + Xp_1(Ba1, @2)
a2

b= 062(62, an—l) + -+ xn—l(ﬂn—l, an—l)

An—1
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= xz(Bz, an) + t .b+ x”’_l(ﬁn—l’ an) 3 where P + q= 1.

Therefore we have the following equations
ﬁ + x2(ﬁ2) an) + s + xn—-l(ﬁn—ly an) _
ay b

xs(ﬁz, az) + -+ xn—l(ﬁn—l, az) + xz(ﬁz, C!n) + -+ xn—l(Bn—ly Oln) _

aq b

1

.................................

xz(ﬁz, an—l) + c + xn—l(ﬁn—ly an—l) + x2(627 an) + st + xn—l(ﬂn—-l; an) —

1.
Ap—1 b
Thus
a X1
b b— [x2(627 an) + AR + xn-—l(ﬁn—l; an)]
a; %2(B2, i) + -+ - + %p1(Bn-i, as) .
= yi=2,n—1.

b b — [w08s an) + - -+ Faa(Bacy, @n)]
This set of equations implies that a?/b2+4 - - - 4a2_,/b?
it [2(82, )+ - -+ 1(Bay, ) P+ - - [32(8ry ant) + - - F+B01(Bay an-1)]? }
{o—[22(82, )+ - + - +201(Bar, )]}

where b— [x2(82, @n)+ - - + +%01(Bn_1, @) ] 520 and D 71 a? =72 as defined in
Section 3. Consequently

r2{b - [xz(ﬁz, o) + o+ Xue1(Bae, an)]}2

= bz{xi + [#2(82, @2) + - -+ - + Tnea(Bas, @) ] :
4+ -+ [x2(62’ an_l) L R xn-—l(ﬁﬂ—l’ an—l)]z}

which proves the theorem.
Special cases where ay, - - -, an_; are zero or b— [%:(Bs, an)+ + * + + %ua
- (Bn_1, @) ] is zero should be discussed. We omit the discussion.

5. Note. In Section 4 if we setB;=a;,2=2, - - - , k, k=n—1, then the hyper-
plane becomes [, - * -, o, Bip1y * * + » Bn]. Thus the equation of the inter-
section will be

r2{b — [#041(Bhr1, an) + + -+ + Tn_1(Baey, an)]}?
= ofuit -+ m
+ [p1Brgsy argr) + - - - + %01(Baes, opt1) ]2
+ oo+ [og1Braty @ne) + -+ 0 F Za1(Bay, an—l)]z}'

In this case the (z —1)-dimensional quadric has spherical sections.
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ON THE MINIMAL RECTANGULAR REGION WHICH HAS THE
LATTICE POINT COVERING PROPERTY

E. A. MAIER, University of Oregon

1. Introduction. A set, S, of points in the Euclidean plane is said to have the
lattice point covering property [2] if and only if every set obtained by a rigid
motion of S always contains a lattice point, that is, a point whose coordinates
are integers. Necessary and sufficient conditions that a rectangular region of
dimension @ by b where a b have the lattice point covering property are that
az1and b=+/2 (see [1]). It is the purpose of this note to give an alternative
proof of the sufficiency of these conditions.

2. Notation. Throughout the following E will denote the Euclidean plane,
U, will denote the half-open square of side a given by { (x, ¥) , 0<x<a,0=<y<a},
and R will denote rectangular region given by { (x, y)]Og x<+2,0<y<t}. If
o and B are points in E, a8 will denote their vector sum. If « €EE and SCE,
S+a will denote { 6-[—04];86.5‘ }. If @ has coordinates (x, ¥), (o) will denote the
point with coordinates (x— [x], y—[v]), i.e., the point whose coordinates are
the fractional parts of the coordinates of a, and (S) will denote {(a)|aES}.
Finally, 8S will denote the set obtained by rotating S through an angle 6 in a
counterclockwise direction about the origin. In this notation, what we wish to
prove is that R+« contains a lattice point for all e €E and 0 <0 <.

3. Proof of the theorem. Lemma 1 is essentially a lemma of Sawyer’s (see
[3]). The lemma gives necessary and sufficient conditions that every translation
of a set always contains a lattice point.

LeMMmA 1. Let SCE; then S+a contains a lattice point for every a S E if and
only if (S)=U..

Proof. Suppose for every a €EE, S-+a contains a lattice point. Let B& Us.
Then S—g contains a lattice point, say 7. Hence there is a point vy of S such that
v=7+48. Thus B=(y) and therefore U,C{(S). Finally (S)C U; by the definition
of (S).

Conversely, suppose (S)=U;. Let « €EE; then {—a)& U;={(S). Therefore
there exists y&S such that {(y)=(—a). Hence there is a lattice point 7 such
that y= —a-+7. Thus r=y+a&S+a.

Lrmma 2. Let 0<0=< (7/2) and let
-D9 = cos 6 U (Usin 9 + (COS 0, cos @ — sin 0))
(see Figure 1); then for any a EF, 0Dg+a always contains a laitice point.

Proof. Let A = {(x, y)[x<0} and B= {(x, y)lygl}. Let T7=0DyA and
T9=0DyN\B. Then (see Figure 2),

(D) = 0Dy — (11U Ty)) I (Tn + (1, 0)) U (T2 + (0, —1)) = U,
and the result follows by Lemma 1.

84
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Fi1G. 1. D,. F1G. 2. 6Ds.

It is interesting to note that D, has area 1 which, by Lemma 1, is the mini-
mal area a set may have and still have every translation of the set contain a
lattice point.

THEOREM. If 00 <7 and a € E, then 0R+« contains a lattice point.

Proof. Case 1. 0 <0 =w/2. Since for 0 =0 =<w/2, sin § =<1, cos § =1 and
sin §4cos § < /2, it follows that DyCR. Then 0Ds+aCOR+a and the result
follows by Lemma 2.

Case 2. w/2<0<mw. In this case (#—(r/2))R+a contains a lattice point,
(m, n), by Case 1. Then §R -+« contains the lattice point (—n, m).
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THE LATTICE POINT COVERING THEOREM FOR RECTANGLES

IVAN NIVEN, University of Oregon and H. S. ZUCKERMAN,
University of Washington

Say that a rectangle has the lattice point covering property if it contains a
point with integral coordinates in its interior or.on its boundary when set down
on the coordinate plane, regardless of position or orientation. It is known [1]
that a rectangle with sides a, b with e =0 has the lattice point covering property
if and only if =1 and b= +/2. Another proof has been given by E. A. Maier
[2] in the preceding paper in this issue. We give here a third and different proof.

First we set aside the rectangles with @ <1, because any such rectangle can be
placed between the lines y=0 and y=1, with the sides of length & parallel to
these lines. Thus any rectangle with ¢ <1 does not have the lattice point cover-

ing property.
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Henceforth we consider only rectangles with a=1. If 5<+/2 the rectangle
can be placed with center at (3, ) and sides parallel to y =« and y= —x, and in
this position the rectangle contains no lattice points.

Conversely consider a rectangle with a =1 lacking the lattice point covering
property. With the rectangle placed on the plane so as to contain no lattice
point, extend the sides of length a to form a strip. Some line y=£k or x =k, with
k an integer, will cross the strip. The part of this line that lies in the strip has
length at least b=a=1. Therefore there is a lattice point P in the strip. Slide
the rectangle down the strip until it first touches a lattice point. Thus a lattice
point Q now lies on the side 4 B, with A B of length 5. There may be other lattice
points on the side 4B, but there are no others covered by the rectangle. Draw
the coordinate lines through Q. Since AD =a=1 each of these coordinate lines
will contain a lattice point one unit from Q in the strip formed by 4B, CD and
their extensions. Call these lattice points R and .S. If R were on 4B then .S would
be covered by the rectangle, but it would not be on 4B. Thus R is not on AB;
and similarly S is not on 4 B. Therefore R and S lie outside the rectangle, but
they lie in the strip formed by the extensions of 4B and CD. Clearly one of R and
S lies in the part of the strip beyond BC, while the other lies in the part beyond
AD. The distance between R and .S is 4/2 and hence b=AB<RS=+/2.

References

1. Ivan Niven, Diophantine Approximations, Interscience, New York, 1963, pp. 54-56.
2. E. A. Maier, On the minimal rectangular region which has the lattice point covering
property, (see preceding article in this MAGAZINE).
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MORLEY’'S TRIANGLE

G. L. NEIDHARDT, General American Transportation Corporation,
and V. MILENKOVIC, University of Colorado

Adjacent trisectors of the angles of any triangle ABC intersect (as shown in
Figure 1) to form a smaller triangle PQR, which has come to be known as
Morley’s Triangle. It is Morley’s Theorem that triangle PQR is equilateral, re-
gardless of the shape of triangle 4 BC.

F1G. 1

As far as the authors are aware, Morley gave his theorem without proof at
the close of the nineteenth century, and it was about thirty years before someone
found a way to prove it. Here a direct proof of Morley’s Theorem is given.

As a preliminary, we establish the following identity, valid for any angle w:

sin 3w = sin w(3 cos? w — sin? w)
= 4 sin w (sin? 60° cos? w — cos? 60° sin? w)
= 4 sin v sin (60° + w) sin (60° — w)
= 4 sin w sin (60° + w) sin (120° 4 w)

1)

From the sum of the angles in triangle 4 BC,
@ a+p+v=60°

From the sum of the angles in each of triangles BCP, A CQ, and CPQ, and using
Equation (2) to eliminate v from each such sum, we have, respectively,

3) {ABPC = 120° + a}
LCQA =120°4+ 8
4) ¢+6=120°+a+ g
By the law of sines for triangle ABC,
(5) BC/sin3a = AC/sin38 = D

where D is a constan’t (D is in fact the diameter of the circumscribed circle of
triangle ABC). Again, by the law of sines for triangles BCP, ACQ, and CPQ,
respectively,

87
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PC = BC sin 8/sin £ BPC

'QC = AC sin a/sin £CQA4

) sin 6/sin ¢ = PC/QC.

(6)

Upon successive substitution from Equations (5), (1), and (3), Equations

(6) become

PC = 4D sin 8 sin a sin (60° + «)
8 -
®) QC = 4D sin « sin @ sin (60° + B).

Substitution of Equations (8) into Equation (7) then yields
9) sin 6/sin ¢ = sin (60° 4 «)/sin (60° + B).

Now the two unknowns (¢, 8) are determined by the simultaneous Equations
(4) and (9). By inspection it is seen that these equations are satisfied by

= 60° 4+ «
¢ = 60° + 8.

This is the unique solution within the meaningful ranges for ¢ and 6 because
Equations (4) and (9) determine the two remaining angles of a triangle CPQ
for which two sides and their included angle (PC, v, QC) are given; the side-
angle-side congruency theorem of Euclid precludes the existence of more than
one solution.

Similar analysis of the remaining triangles will complete the derivation of
the following ninefold set of equations:

(10)

(11) ZRPB = 60° + vy, ZBPC = 120° + a, ZCPQ = 60° + 8
(12) LPQC = 60° + a, ZCOA = 120° + 8, ZAQR = 60° + v
(13) ZQRA = 60° + 8, ZARB = 120° + v, ZBRP = 60° + a.

Finally, the sum of the angles surrounding each of the points P, , and R must
be 360°; therefore we have from Equations (11), (12), and (13) with the aid of
Equation (2) that ZRPQ= ZPQR= LQRP=60° which completes the proof.

As a corollary, we have QR=RP=P(Q=4D sin « sin 8 sin v which follows
from Equations (8) and (10) and the law of sines for triangle CPQ.

A NEW APPROACH TO AN OLD PROBLEM
PETER A. LINDSTROM, Union College

A common proof of D,(sin x) =cos x requires the use of the identity sin
(x+h) =sin x cos h-}cos x sin % and the establishment of limy..o (sin ) /2 =1 and
limyo (cos £—1)/k=0. The following proof avoids these ideas by making use of
the formula for finding arc length and the mean value theorem for the definite
integral.
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sin (k) $-----mm-23 , (cos (x+%), sin (x+h))
A S X
S 2 St i (cos =, sin x)

PSRRI PRy PISY

P\ pe=t
IR Y
cos (x+};) cos Y cos % P

TuEOREM 1. D.(sin x) =cos x.

Proof. For simplicity, assume that (cos(x+#%), sin(x+%)) and (cos x, sin x)
are two points in the first quadrant on the circle p2+¢2=1 where & is the arc
length between these two points. The formula for finding arc length # yields

sin(z+h)

= VIT DA - P

sin (z+h) 1
= f —_— dq.
sin z ‘\/1 - 92

By the mean value theorem for the definite integral we obtain

1
= (sin (x + h) — sin x)

4/1 — sin?u ’
where sin x<sin #=<sin (x-+7%), since x=u = (x-+#) and the sine function
is monotone increasing in the first quadrant. Then cos #=+/cos?®u=
(sin (x+%)—sin x)/k since cos #>0. As 2—0, then cos (x-+4)—cos x and
cos #—cos x since x <u = (x+%), so that

h

sin (x + k) — sinx

cos ¥ = lim = D, (sin ).
h—0 h
The same type of proof as above shows that D,(cos x) = — sin x.
THEOREM 2. D.(cos x) = —sin x.

Proof. Under the same assumptions as in Theorem 1, the formula for finding
arc length 7% yields

cos z

- f VIF [D,(1 — 9 dp
cos (z+h)

cos T 1
‘[;os @Vl — p?
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By the mean value theorem for the definite integral we obtain

1
h = ————=—{(cosx — cos (x + %))
V1 — costu ( ( ’
where cos(x+h%) <cos u=<cos x, since x=u=(x-+h) and the cosine function
is monotone decreasing in the first quadrant. Then —sin %= —+/sin?u
= (cos(x+%) —cos x)/k since sin #>0. As h—0, then sin(x+%)—sin x and
sin #—sin x since x Su = (x+%), so that
cos (x + k) — cos x

— sinx = lim = D, (cos x).
h-0 h

For both Theorems 1 and 2 above, it is assumed that the sine and cosine
functions are continuous functions.

The author wishes to thank the reviewer for his valuable suggestions.

ANSWERS

A449. The sequences consisting of # zeros and ones may be separated into sets
such that each set contains sequences which begin with one of the following
blocks: 1, 01, 0001, 000001, - - -, or all zeros if » is odd. It follows that

Fn)=Fn—1)4+Fn—2)+Fn—4)+Fn—6)+ - -
=Fn—1)+Fn—2)—Fn—3)+Fn—3)+ F(n—4)
+F(n—6)+ -
=F(n—1)+2F(n —2) — F(n — 3).

A450. If we put 3= —441/x where x50 we obtain the result {rom the fact that
4/22+8 is rational.

A451. f’ has a removable discontinuity at ¢ if and only if lim,_,f’(x) exists and is
different from f’(¢). This never happens for f'(¢) is defined as lim,..(f(x) —/f(¢))
/(x—t) and we apply 'Hospital’s rule in evaluating this limit, thus obtaining
/() =limg.,f’ (x).

A452. Proceeding clockwise: 8 X2, 1X9, 10 X5, 3 X6 surround 4 X 7. This solu-
tion is not unique.

A453. Evidently p41 is divisible by 2. Since every finite field has order ¢»
where ¢ is prime and # is a positive integer, the order of F must be 2#, that is,
p+1=2» Hence p=2"—1 is a Mersenne prime.

(Quickies on page 104)
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DIMENSION UNDER ANALYTIC MAPS
G. P. SPECK, Bradley University

After viewing the many elementary conformal transformations normally
encountered in an introductory complex variables course, a student is apt to feel
that a nonconstant analytic map carries a “curve” onto a “curve” and a “region”
onto a “region”. The construction of a continuous space-filling curve will usually
prompt one to question his intuitive feel for preservation of “dimension” under
any specific type of transformation, including the analytic ones.

The following is an attempt at a relatively elementary discussion of dimen-
sion under analytic maps. Virtually no knowledge of general dimension theory
is assumed and, as will be seen, very little is needed to accomplish our objective.

Theorem 4 of this paper establishes that an analytic function maps the
image of a continuously differentiable curve onto a set of dimension less than
two; Theorem 6 shows that an analytic function with nonzero derivative maps
a one dimensional image of a continuous curve onto a set of dimension one.

An example at the end of the paper shows that the dimension of a set need
not be preserved under a nonconstant analytic map.

DEFINITION. If S 7s a nonnull subset of E2, then S has dimension 2 (dim S=2)
iff S contains a nonnull subset of points open in E2 S has dimension 1 (dim S=1)
iff S contains a subset of points homeomorphic to the open interval (0, 1), but S
does not contain a nonnull subset of points open in E2. S has dimension 0 (dim S=0)
iff S does not contain a subset of points homeomorphic to the open interval (0, 1).

From this definition it is immediate that each nonnull subset of the plane is
assigned a unique integer 0, 1, or 2.

THEOREM 1. If F is a nonconsiant analytic function defined on S where
dim S=2, then dim F(S)=2.

Proof. A nonconstant analytic function maps open sets onto open sets.
TueorewMm 2. If
x = f(9)
C: f

: eSSt =
y =g

and
| f(t) = f(t) | < Kaltn — oo, | g(t) — g(t2) | < K| 1 — ta]?

for all 4, LE [a, b] where Ky, Ks, ¢, and d are each greater than zero with c-+d>1,
then dim C([a, b]) 2.

Proof. Consider the closed intervals [pi_;, p:] where pi=a-(i(b—a))/n,
n is a positive integer, and i=1, 2, 3, - - -, #. C([pi_1, p:]) is contained in a
rectangle of points which is K1(b —a)¢/n° by Ka(b—a)4/n? on a side since

| /1) = f(t2) | < Ka(® = a)e/ne, | g(tr) = g(t)| < Kab — )¢/
for every t;, &€ [pi—1, p:]. Thus C([a, b]) is contained in a union R of rectangles,
91
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where the area of R is less than K K,(b—a)t¢/neté=1, Now if p is any point in
C([a, b]) and A is any disk with center at p, then A cannot be contained in
C(la, b]) since 7 can be chosen large enough to make K;K,(b —a)*+¢/netd-1 less
than the area of A. Hence dim C([a, b]) #2.

THEOREM 3. If a continuous curve C: 3259 a St<b has finite length (rectifiable),
then dim C([a, b]) 2.

Proof. Let S={(x, y)|0<x=<1, 0<y=1} and suppose SCC([a, b]). Con-
sider Pp=Pii;=0G/(m—1), (j—1)/(n—1))ES where ¢=0, 1, 2, - - -, n—1;

i=1,2,3,---,n;m=1,2,3, -, n% If t,ECYP.)C|a, b], then a=7r,=n
<re< ¢ ¢ - L<rp2Sra241=0b where 7y, 7, - -+, 7,2 is the appropriate permutation
of the numbers #, &, - + -, t,2. Observe that

n2+1

> lC(r,-) — C(r,'_l)l =m—-1)/(n—1)=n+1

=1

since | C(r,) —C(ri-l)l =1/(n—1) for =2, 3, - - -, n’ Therefore the length of
C is infinite, a contradiction, and S is not contained in C([a, 5]).

In a similar manner it can be shown that no square of points can be contained
in C([a, b]). Hence dim C([a, b]) 2.

THEOREM 4. If the curve C: 5259 a <t=<0b has f'(t) and g'(t) continuous over
[a, b], if C(la, b])C D where D is open, and if F is a function analytic in D, then
dim FC([a, b]) 2.

Proof. Let F(z) =u(x, y)+iv(x, y) and FC: =18 a<t=b.

Then @) =u(f(®), g()), s@E)=v(f(), g@#)), and, by the chain rule, '(¢)
=0u/0x-dx/dt+0u/dy-dy/dt and s'(t)=0v/dx-dx/dt+0v/dy-dy/dt. Hence
#'(¢) and s'() are continuous over [a, b] which implies that the length of FC
is finite, which in turn implies by Theorem 3 that dim FC([a, b])#2. Alter-
natively, #/(#) and s’(¢) continuous over [a, b] implies that #(#) and s(t) each
satisfies the Lipschitz condition of order one, and thus by Theorem 2 it follows
that dim FC([a, b])52.

THEOREM 5. If A and B are nonnull sets in E2, if B is closed in E2, and if
neither A nor B has dimension 2, then dim (4\UB) 2.

Proof. To prove that 4\UB does not contain a set open in F2, let us suppose
that such a set .S exists. Consider p&.S and suppose pE A. If any neighborhood
of p contains points of 4 only, we have a contradiction on dim 4 2. Thus any
neighborhood of p contains points of B. Hence & B since B is closed. It follows
that p &S implies p & B, which is a contradiction on dim B2. (Note: It follows
easily that if dim 4 =1 or dim B =1, then dim(4\UB) =1. Also, if dim 4 =0 and
dim B =0, then dim(4\UB) =0.)

THEOREM 6. If the continuous curve C: ::ﬁg a<t=<b has dim C([a, b]) =1, if
C(la, b])CD where D is open, and if F is a given function analytic in D with
F'(2) #0 for every 2ED, then dim FC([a, b]) =1.

Proof. Certainly FC([a, b]) contains a set homeomorphic to the open interval
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(0, 1) since C([a, b]) contains such a set and it is known that F is locally a home-
omorphism. Thus dim FC([a, b])=1.

Now consider p&C([a, b]); since F is locally a homeomorphism there exists
S(p, €p), a spherical neighborhood with center at  and radius €,, such that Fisa
homeomorphism on S(p, €,), the closure of S(p, €,). The collection of all such
spherical neighborhoods, {S(p, €,) }, p&C([a, b]), is an open cover of C([a, b]),
which is compact since compactness is a continuous invariant. Thus a finite
number of sets {S(p, €)}i, from {S(p, &)} covers C([a, b]). If we let S;
=S(p, e)NC([a, b]), then S;is closed in E? and dim S;<1, where at least one
S; has dimension equal to one by the note on Theorem 5. That dim F(S;) <1
follows from the fact that dimension is a homeomorphic invariant, where, as
before, at least one F(S;) has dimension equal to one. F(S;) is compact since F is
continuous and, therefore, F(S;) is closed by the Heine-Borel theorem. Finally,
since FC([a, b]) =Uf_,F(S;), Theorem 5 gives dim FC([a, b]) <1, which coupled
with our initial inequality yields dim FC([a, b]) =1.

Example. 1f:

{rei"l r = 0, r is algebraic, 0 = 0 < 7/2, 0 is algebraic},
{re“"“”/”) l r > 0, risalgebraic,n/2 £ 0 < =,0is transcendental},

= {re“"“)l r > 0, ris transcendental, = < 6 < 37/2,01is algebraic},
{rei®+G=i2)| » > 0, 7 is transcendental, 37/2 < 6 < 2,6 is transcendental},

ST TS B N

= {rei9| r > 0, r is transcendental, § = 0},
F = {re""[ r = 0, r is algebraic, 6§ = 7r/2},
R=AUBUCUD,S=RUE, T=EVUF;f(z) =3

then:
dimR =0 dim f(R) = 2
dim § =1 dim f(S) = 2
dm 7 =0 dim f(T) = 1.

THE APPLICATION OF A FUNCTION TO UNIONS
AND INTERSECTIONS OF SETS

BYRON L. McALLISTER, Montana State University

Everybody knows that if X and Y are sets, f is a function (possibly multi-
valued) on a subset of X into ¥, and C is a nonempty collection of subsets of X,
then

(1) f[USeC’S] = USecf[SJ
but
®) fNseeS] # Nseof[S].
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When I was younger I fancied that this fact violated the duality between unions
and intersections to which I had become happily accustomed. So I asked every-
body to “explain” the matter. But nobody seemed to know a better answer than
that it is simply “what Mother Nature gives us.”

Recently I ran across a better explanation. I can hardly be the first to have
noticed it, but if I am not the last to have noticed it either, there may be readers
who’d enjoy sharing the secret.

The fact is, of course, that duality is #ot violated. The definition of f[S] is one
of two natural, dual, definitions. Recall that

4l = {y| (3x € X)((x, y) Ef and x € 4)}.
Naturally one should then also define
HA} = {y| (Vo € X)((x,y) Ef= 2 € A)}.

We might say that f[4] contains those elements of ¥ that have any preimage
in A and that f {A } contains those elements of ¥ that have all preimages in A.
To make the duality between f[4] and f{A} perfectly clear, note that {4}
=Y—f[X—-4].

Replacing cups by caps and vice versa and brackets by braces we obtain
the easily proved duals of (1) and (2). In fact, just as (2) can be strengthened to
FflUseeS1SNsecf[S], so also may its dual be strengthened to f{UseceS}
DUsecf{S}.

(It should be remarked that our dual definition is not entirely unknown in
the literature. See for example the upper inverse of Berge's Topological Spaces,
Macmillan, 1963, p. 24.)

THE SEQUENCE {sin n}
C. STANLEY OGILVY, Hamilton College

The following short proof is offered for the main result of the paper by
John H. Staib and Miltiades S. Demos in Vol. 40, page 210 of this MAGAZINE,
namely that {sin n} is dense on [-— 1, 1].

Let the points whose polar coordinates (r, 6) are (1, 1), (1, 2), (1, 3), - - -
be called integral points. Then the integral points are dense on the unit circle.
For, assume that there exists an arc-length of magnitude ¢>0 such that between
6 and 0-e€ there are no integral points. Then there is another such gap whose
initial point is at 41, another whose initial point is at §42, and so on. Two
initial points can never coincide, or  would be rational. But an infinite number
(indeed any finite number > (27)/€) of such gaps must cover the circle, so that
the circle would contain %o integral points, an absurdity.

The set {sin#} is a projection of the integral points onto the interval [—1, 1]
of the Y-axis. This set is dense in [—1, 1] because every open interval is the
projection of two open arcs of the unit circle which, in turn, contain integral
points.
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PROBLEMS AND SOLUTIONS

Epitep BY ROBERT E. HorTON, Los Angeles Valley College

Readers of this department are invited to submit for solution problems believed to be new
that may arise in study, in research, or in extra-academsic situations. Proposals should be ac-
companied by solutions, when available, and by any information that will assist the editor. Or-
dinarily, problems in well-known textbooks should not be submitted. Solutions should be
submitted on separate, signed sheets. Send all communications for this department to Robert E.
Horton, Los Angeles Valley College, 5800 Fulton Avenue, Van Nuys, California 91401.

To be considered for publication, solutions should be mailed before August 1, 1969.
PROPOSALS
719. Proposed by J. A. H. Hunter, Toronto, Canada.

This apt alphametic was suggested by D. Murdoch. Simple mathematics
can be fun when taught properly! So what must DROP OUT'S represent? .

D O U R
D O N S
D O N T
S T O P
D R O P
o U TS

720. Proposed by Alfred Kohler, Long Island University.

A device that shuffles cards always rearranges them in the same way relative
to the order in which they are given to it. All of the hearts arranged in order
from ace to king were put into the device, and then these shuffled cards were put
into the device again to be shuffled a second time.

a. If the cards emerged in the order 10, 9, Q, 8, K, 3,4, 4, 5, J, 6, 2, 7, what
order were the cards in after the first shuffle?

b. Show that it is impossible for the order of the cards after the second shuffle
tobe: Q, 8,9, J,K, A4, 4,10,5,2,7,6, 3.

c. What is the minimum number of times that the device would have to
shuffle thirteen cards before one could be certain that the cards had been
restored at least once to their original order?

721. Proposed by Charles W. Trigg, San Diego, California.

The eye of an observer standing in a ditch is level with the surrounding
horizontal terrain. At a distance of x inches he observes a vertical pole on which
there are three marks that divide the pole from the bottom into segments a, b, c,
and d. If the four segments subtend equal angles at the eye of the observer, then:

1. Find x;
Determine limiting conditions on ¢ and b;
Ascertain the smallest integer values of «, a, b, ¢, and d;
Compute the height of the pole;
Calculate the angle subtended by each segment.

95
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722. Proposed by Gregory Wulczyn, Bucknell University, Pennsylvania.
12
Prove that n(n+1)(2n+1) z— S 1<,
n—

723. Proposed by Stanley Rabinowitz, Far Rockaway, New York.

Find the ratio of the major axis to the minor axis of an ellipse which has the
same area as its evolute.
724. Proposed by Huseyin Demair, Middle East Technical University, Ankara,
Turkey.

Find the probability that for a point P taken at random in the interior of a
triangle ABC (a=b=c), the distances of P from the sides of ABC form the
lengths of sides of a triangle.

SOLUTIONS
Late Solutions

Dermott A. Breault, Harvard Computing Center: 691; Randolph Franklin, Lisgar Collegiate
Institute, Ottawa, Canada: 691, 692; Alexandru Lupas, Institutul de calcul, Cluj, Romania: 692, 694,

Ship, Captain and Crew
698. [September, 1968 | Proposed by Bertrand N. Bauer, Northwestern University.

What is the probability of “qualifying” in the dice game “Ship-Captain-
Crew”? The game is played with five dice. Each player, in his turn, throws all
dice, or any portion of them he wishes, a maximum of three times. To qualify, a
player must throw a 6 on one die (the “Ship”), a 5 on a second die (the “Cap-
tain”) and a 4 on a third die (the “Crew”). He must throw them in that order,
although getting them simultaneously is permitted.

Solution by Gerald J. Jerabek, Michigan Technological University.

Let p(xyz),=probability of throwing at least one x, at least one y, and no z’s
on one toss of 7 dice. (See table on p. 97.)

Basic probabilities of 5 dice toss:

p©)s = (5/6)% p(S)s = 1 — (5/6)%, p(5| 6)s = p(5)& = 1 — (4/5)% p(5| 6)ss
=1 — (3/4)5 p(6)& = (4/5)°.

Probabilities of 5 dice toss:

p(65)s = p(5)s — [p(5| B)sl[p(B)s] = 2550/7776, p(65| D)5 = p(65)5 = p(5)s
— [p(5] &)][p(®)s] = 1320/3125, p(658)s = [p(65| D)s][p(@)s] = 1320/7776,
p(654)5 = p(65)s — p(654)s = 1230/7776, p(65)s = p(6)s — p(65)s = 2101/7776,
p(6)s = 3125/7776.

* Using “5 sided dice”
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Possible ways of qualifying:

PROBLEMS AND SOLUTIONS

97

Winning Cases

Throws
1 2k 3 4 5 6 7 8 9

1st .

654 654 65 65 65 6 6 6 6

4

2nd

— 1 54 54 5 654 654 65 6
3rd

— 4 — 4 54 — 4 54 654

** Two cases combined for ease of calculations.

Probabilities of 4 dice toss:
P81 = pA)s — [p(4] 5)al[p()a] = 302/1296, p(58)s = p(5)s — p(54)s = 369

/1296, p(5)s = 625/1296.

Probabilities of 3 dice toss:

p(A)s = 91/216, p(d)s = 125/216, p(4)s

(Two consecutive throws of 3 dice.)

31031/46656.

CASE PROBABILITIES

Case 61 X Probability
1 74,373,396,480
2 53,085,352,320
3 29,603,325,312
4 15,238,687 ,464
5 14,276,295 ,000
6 29,889,000,000
7 13,513,500,000
8 11,896,912,500
9 12,011,718,750

Sum =253,888,187,826
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(The probability of success for a given “case” is the product of the probabil-
ities of each toss requirement for that “case”.) Therefore, p(qualifying)
=253,888,187,826/6% ~.540.

Note. If must yet be shown that the optimum strategy has been employed—
that is, always keeping one “6”, and one “5” (when allowable).

Check keeping one “6” when “65” has been thrown on first toss:

Let w(3) =probability of qualifying by Case 3. _

Since (w(3) +w(4) +w(5))/p(65) > (w(6) +w(7) +w(8) +w(9))/p(6), the
optimum strategy is to keep the “6”.

In a similar manner it can be shown that, in each case, the optimum strategy
consists of keeping one “6”, and one “5” (when allowable).

Also solved by Jack C. Abad, San Francisco, California; John M. Howell, Los Angeles City
College; Robert Otto, Central Michigan University and the proposer. One incorrect solution was re-
ceived.

Heronic Triangles
699. [September, 1968 ] Proposed by James G. Seiler, San Diego City CoZlege.

Find an oblique Heronic triangle with sides of three nonzero digits each, such
that the nine digits involved are distinct. A Heronic triangle is defined as one
that has integers for the lengths of the sides and also an integer representing the
area.

1. Solution by the proposer.

A Heronic triangle is defined as one that has integers for the lengths of the
sides and also an integer representing the area. (See Dewey C. Duncan, Arithme-
tic in a Liberal Education, McGraw-Hill Book Company, 1967, prelim. ed.) A
Heronic triangle may be formed using two Pythagorean triangles with a common
leg which then becomes an altitude of the triangle formed; e.g., triangles with
sides of 5, 12, 13 and 9, 12, 15 which produce a Heronic triangle with sides of 13,
14, 15 and an area of 84.

Solution to proposed problem: 387, 549, 612.

This solution was found to be a multiple of the primitive Heronic triangle
with sides 43, 61, 68 formed by the two Pythagorean triangles with sides 11, 60,
61 and 32, 60, 68.

II. Solution by E. P. Starke, Plainfield, New Jersey.

Using Heronic triangles that happen to appear in the solution of Problem E
1982 (American Mathematical Monthly, September, 1968, p. 783) and triangles
similar to them, we find easily one which has sides 432, 765, 819, with area
163296.

Also solved by Kenneth M. Wilke, Topeka, Kansas.

A Prime Sum

700. [September, 1968] Proposed by Charles W. Trigg, San Diego, California.
Find a prime number which is the sum of primes in two ways such that either
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set of addends and the sum together contain no duplicated digits.

The solution 5419423 =5+134-29=47 was obtained by Richard Carr,
Georgetown University; J. A. H. Hunter, Toronto, Canada; Richard A. Jacobson,
Houghton College, New York; Delmar E. Searls, Houghton College, New York;
E. P. Starke, Plainfield, New Jersey,; and Zalman Usiskin, University of Michigan.

The solution 389+4-7-+5=367+29+45=401 was obtained by Leon Bankoff,
Los Angeles, California. Don N. Page, William Jewell College, Missouri, obtained
5+614743=809=5+4+43+761 and the first solution above.

W-digit Automorphs

701. [September, 1968] Proposed by Gregory Wulczyn, Bucknell University.
Martin Gardner defines a w-digit automorph, m, to be an integer whose
square has the w digits of m at its tail end.
1. Prove thatif m is a w-digit automorph with baser, then (10 - - - 01),—m,

is also a w-digit automorph where 10 - - - 0 1 contains w—1 zeros.
2. If t>1, s;21 how many automorphs does the base number 7=
- p have?

Solution by the proposer.
(The * denotes a block of w—1 zeros.)
(1) Letm = (kiky - -+ ky)r andlet n = (hlhz s k), = (1 0 -01), — m.
Thenn? = | (10-7-01), —m|2=(10--01),X 10-7-01),
—(10-”-‘-01),><m—m<1o---01),+(k112---k,,,),
=(10-" 01, Xn— (- by ket (- kkar - Eo)y

=("'h1h2"‘hw)ri("‘00"'0)7
—_—
w Zeros

= (T b

so that # is also a w digit automorph.

(2) For each pji and (I p%)/(p}") there will be an automorph totalling (})
+(21). For each pji pji and (IL p§i)/ (p}ip;?) there will be an automorph totalling
@) +GLa) - - -

Also, 1 and IT pj are excluded as automorphs. An isomorphism is thus set up
between the number of automorphs and the binomial expansion (1-41)¢, t>2
and the number of automorphs will be 2¢—2.

Note. There can be no automorph for p{, a <s;, since an automorph for pf
must be a multiple of pf and its companion automorph must be a multiple of
I p3)/(p§) or a multiple of p#—* and the sum of the two automorphs must
therefore be a multiple of p and equal (11),. But this is impossible since

(1), p)=1.
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Also solved by Birger Jansson, Research Institute of National Defense, Stockholm, Sweden, who
proved both parts of the problem as two theorems in a paper, On Genealogical Trees Containing Quad-
ratic Residues, published in a Research Institute of National Defense report; and Kenneth M. Wilke,
Topeka, Kansas.

Progression of Tangents

702. [September, 1968 ] Proposed by R. Sivaramakrishnan, Government Engineer-
ing College, Trichur, India.

If the line joining the circumcenter and orthocenter of a triangle 4BC is
parallel to a side, prove that tan 4, tan B, and tan C are in arithmetic progression
in some order.

Solution by John E. Homer, Jr., Union Carbide Corporation, Chicago.

In triangle ABC with circumcenter O and orthocenter H, assume OH is
parallel to BC. Then tan B-tan C=3 (see p. 18, H. S. M. Coxeter, Introduction
to Geometry), and

tan 4 = tan(180° — (B + ())
tan B 4+ tan C
- tan B-tan C — 1
_ tan B+ tan C
2

Therefore, tan 4, tan B, and tan C are in A.P., with tan 4 the mean of tan B
and tan C.

Also solved by Jorges Andres, St. Francis College, New York; Leon Bankoff, Los Angeles, Cali-
fornia; Mannis Charosh, Brooklyn, New York; Jack G. Deutsch, Erasmus Hall High School, Brook-
lyn, New York; Santo M. Diano, Philadelphia, Pennsylvania; Herta T. Freitag, Hollins College,
Virginia; Michael Goldberg, Washington, D. C.; H. S. Hahn, West Georgia College; Don N. Page,
William Jewel College, Missouri; Danny Strauss, James College, Stony Brook, New York; Charles
W. Trigg, San Diego, California; Zalman Usiskin, University of Michigan; and the proposer.

Mannis Charosh showed the relation of the problem to E 259, American Mathematical Monthly,
1937, and Problem 1541, School Science and Mathematics, May, 1938.

A Divisible Polynomial

703. [September, 1968] Proposed by A. H. Beiler, Brooklyn, New York, and
J. A. H. Hunter, Toronto, Canada.

Prove that for integral =1, (x+1)»—x"—1 is divisible by x*+x+-1, if and
only if n=6m+1.

Solution by L. Carlitz, Duke University.

Put f(x)=(x+1)"—x"—1, x2+x+1=(x—w)(x—w?). Then it suffices to
show that f(w) =0 if and only if z=6m +1.

Since w?+w-+1=0, it is clear that f(w) =(—w?)*—w*—1. If =0 (mod 3),
flw)=(—1)»—25£0. If n=2 or —2 (mod 6), then f(w) =w?—w*—1=—2(w*+41)
#0. Finally if =1 or —1 (mod 6), we have f(w) = —w?*—w"—1=0.
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Remark. The result is not new; see Bachmann: Das Fermatproblem in seiner
bisherigen Entwicklung, Berlin and Leipzig, 1919, p. 31. Moreover, when # =6m
+1, f(x) is divisible by (x24x-+1)2

Also solved by Mannis Charosh, Brooklyn, New York; Michael Goldberg, Washington, D. C.;
Jack G. Deutsch, Erasmus Hall High School, Brooklyn, New York; Randolph Franklin, Lisgar
Collegiate Institute, Ottawa, Canada ; Ernest F. Haeussler, Jr. and Richard S. Paul (jointly), Pennsyl-
vania State University at Hasleton; H. S. Hahn, West Georgia College; Robert J. Herbold, Procter
and Gamble Company, Cincinnati, Ohio; Lew Kowarski, Morgan State College, Maryland; Kenneth
A. Ribet, Brown University; Ellis J. Rich, State University of New York Maritime College; E. P.
Starke, Plainfield, New Jersey; Charles W. Trigg, San Diego, California; Kenneth M. Wilke, Topeka,
Kansas; Gregory Wulczyn, Bucknell University; and both proposers.

Adjoint Matrix Clues

704. [September, 1968] Proposed by Maxey Brooke, Sweeny, Texas.
The adjoint matrix of

I 4 -4

A R A

_ T 4 T
1S

X -—R I

M AM - X

-X =T A4

What digits are represented by each letter?
Solution by Zalman Usiskin, University of Michigan.

The definition of the adjoint matrix immediately gives M=A4-T—A4-T,
R=A(A4+T), I=A(A+R), and X=A4A(A+I). The first of these equations
gives M =0. Since R, I, and X are digits, the last three imply 4 =1. By this time,
we have examined the six letters used in the problem, have psyched out Maxey
Brooke, and guessed at the solution given below. All that remains is to mathe-
matically demonstrate its uniqueness.

The definition of adjoint causes A4 =R-I— A2, or R-I=12. From the third
equation given above, /=1-+R. Thus /=4, R=3. From the other equations,
R=1+4T and X =1+41. Thus X =35 and 7"=2. This gives the unique solution:
MATRIX =012345.

Also solved by Gladwin E. Bartel, Washington State University; Donald Batman, MIT Lincoln
Laboratory; Richard L. Breisch, University of Colorado; Martin J. Brown, University of Kentucky;
Fred Ermis, Jr., Wharton County Junior College, Texas; Kathryn Ann Everson, Vassar College;
Robert L. Hoburg, Western Connecticut State College; C. C. Oursler, Southern Illinois University at
Edwardsville; John E. Prussing, University of California at San Diego; Delmar E. Searls, Houghton
College, New York; W. J. Sonsin, Edgewood Arsenal, Maryland; E. P. Starke, Plainfield, New
Jersey; Charles W. Trigg, San Diego, California; Kenneth M. Wilke, Topeka, Kansas; Eugene J.
Zirkel, Nassau Community College, New York; and the proposer. One incorrect solution was received.
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Comment on Problem 644

644. [January and September, 1967] Proposed by Harlan L. Umansky, Union
City, New Jersey.

Find all the rectangles in which the area and the perimeter equal the same
integer. Do the same for right triangles, equilateral triangles, and squares.

Comment by Charles W. Trigg, San Diego, California.

The solution to this problem, as published in the September, 1967 issue,
pages 224-225, dealt only with polygons with rational sides. This was too restric-
tive. The problem requires only that the area and perimeter be equal to the same
integer.

Rectangles. Consider rectangles with sides x++/y and x —+/y. Then P =4x
=x2—y=A4. Whereupon y=x(x—4), x=4 and is rational with denominator
of 1, 2, or 4. Thus there is an infinity of rectangles with equal integer areas and
perimeters. This includes the three rectangles with rational sides given in the
published solution.

Right Triangles. If the legs of a right triangle are a =x-++/y and b =x—+/%,
then ¢=4/2(x%*+y). Then A=(x2—y)/2=2x++/2(x*+y)=P. Clearing of
radicals, y2—y(2x2—8x+8) + (x*—8x%+8x2) =0, whereupon y=x2, which gives
a null b, or y=x%2—8x+8 to which correspond c¢=2(x—2) and 4 =P =4(x—1),
x>(13/2) with denominator of 1, 2, or 4.

Thus there is an infinity of right triangles with equal integer areas and peri-
meters. This includes the three triangles given in the previous solution.

Comment on Problem 691

691. [May, 1968, and January, 1969] Proposed by Charles W. Trigg, San Diego,
California.

Using the nine positive digits just once each, form two integers 4 and B such
that 4 =8B.

TaBre 1, S={1,2,---,b—1}

m Row
b 2 3 4 5 6 7 8 9 10 11 12 13 14 | Total
3 1 1
4 1 1 2
S 0 0 0 0
6 0 0 2 1 3
7 5 0 1 0 0 6
8 3 3 3 2 15 1 27
9| 2 24 2 5 1 0 0 34
10 | 12 2 4 12 3 7 46 3 89
11 | 36 0 31 0 4 0 0 0 0 81
12 | 64 17 15 9 64 9 3 5 171 13 397
13 | 516 0 52 137 10 0 20 9 2 0 0 746
14 0 32 48 91 79 0 36 63 64 49 866 49 1377
15 | 960 0 8 0 242 0 5 0 19 o0 7 0 0 1367
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Comment by David E. Daykin, University of Malaya, Kuala Lumpur, Malay-
sia. Please see Table 1 on page 102.

For each base b= 2 the positive integers have unique representations of the
form

1) apb?+ - - - Fab+oah?, where 0=<a;<b for 0<:<k.

I wrote a computer program which, for each base b and multiplier » in the
range 2=<m <b=15, found all solutions of the equation 4 =mB such that, be-
tween the representations of the form (1) of 4 and B, each of the numbers in a
given set .S occurs exactly once as an «;, and every «; is in S. The numbers of
solutions obtained appear in the tables.

TaBLE 2. S={0,1,---,b—1}

m Row
bl g 3 4 5 6 7 8 9 10 11 12 13 14 | Total
3 0 0
4 1 0 1
5 1 0 0 1
6 0 0 2 1 3
7 3 0 1 0 2 6
8 9 3 3 2 7 1 25
9 6 48 3 7 6 0 5 75

10 | 48 6 8 12 0 1 16 3 94
11 0 0 116 o 37 0 31 o0 14 198
12 [ 320 47 30 10 64 9 12 5 34 3 534
13 | 84 0 8 719 95 0 332 267 122 0 54 1755
14 0 9 158 154 69 0 26 50 15 11 161 10 750
15 0 0 428 0 1992 0 935 0 455 0 425 0 226 | 4461
TABLE 3
S Total No. of Solutions

{i:1=<i<b, i odd} 6

{4:2<i<b, i even} 14

{3:0=<4i<b, i even} 2

I found these results very surprising.

Comment on Problem 697

679. [January and September, 1968] Proposed by Gerald C. Dodds, HRB-Singer,
Inc., State College, Pennsylvania.
Prove that 2¢<1+4a for 0<a<1.

Comment by Robert G. Van Meter, St. Lawrence University, New York.

Solution II is faulty. A reduciio ad absurdum proof should have started with
the following supposition:
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~((Ve)(0<x<1—2°<1+4+x),

that is,
Ax)(0 < x < land2* =1+ x).

Thus the limit argument breaks down.
In addition, the “proof” given is a proof of the following statement:

~(Vx)(0<x<1—22=1+42),

that is,
@Ax)(0 <z <1land 2* <14 x)!

Similar comments were submitted by John D. Baum, Oberlin College, Ohio; Miltiades S. Demos,
Villanova University, Pennsylvania; J. F. Leetch, Bowling Green State University, Ohio; Gary B.
Weiss, New York University School of Medicine; and Donald W. Western, Franklin and Marshall
College, Pennsylvania.

QUICKIES

From time to time this department will publish problems which may be solved by laborious
methods, but which with the proper insight may be disposed of with dispatch. Readers are urged
o submat their favorite problems of this type, together with the elegant solution and the source,
if known.

Q449. Let F(n) be the number of sequences of # symbols consisting of zeros
and ones such that any zeros which appear must be separated into blocks whose
lengths are odd. Prove that F(n)=F(n—1)+2F(n—2)— F(n—3).

[Submitted by Erwin Just)

Q450. Let x be a rational number. If 4/24x24-8x+1 is a rational number, then
x=Fk/2(k—1)2—3, where % is a rational number.

[Submitted by Masaaki Shiba, Fukushima City, Japan]

Q451. Let f be an everywhere differentiable function of one real variable. Show
that ' has no removable discontinuities.

[Submitted by Hugh Noland]

Q452. Using as dimensions all of the first ten natural numbers, find five rec-
tangles that can be assembled into a square.

[Submitted by Benjamin Sharpe]

Q453. Let F be a finite field of order p+1, where p is an odd prime. Prove that
p is a Mersenne prime.

[Submitted by Charles C. Lindner]
(Answers on page 90)
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By the mean value theorem for the definite integral we obtain

1
h = ————=—{(cosx — cos (x + %))
V1 — costu ( ( ’
where cos(x+h%) <cos u=<cos x, since x=u=(x-+h) and the cosine function
is monotone decreasing in the first quadrant. Then —sin %= —+/sin?u
= (cos(x+%) —cos x)/k since sin #>0. As h—0, then sin(x+%)—sin x and
sin #—sin x since x Su = (x+%), so that
cos (x + k) — cos x

— sinx = lim = D, (cos x).
h-0 h

For both Theorems 1 and 2 above, it is assumed that the sine and cosine
functions are continuous functions.

The author wishes to thank the reviewer for his valuable suggestions.

ANSWERS

A449. The sequences consisting of # zeros and ones may be separated into sets
such that each set contains sequences which begin with one of the following
blocks: 1, 01, 0001, 000001, - - -, or all zeros if » is odd. It follows that

Fn)=Fn—1)4+Fn—2)+Fn—4)+Fn—6)+ - -
=Fn—1)+Fn—2)—Fn—3)+Fn—3)+ F(n—4)
+F(n—6)+ -
=F(n—1)+2F(n —2) — F(n — 3).

A450. If we put 3= —441/x where x50 we obtain the result {rom the fact that
4/22+8 is rational.

A451. f’ has a removable discontinuity at ¢ if and only if lim,_,f’(x) exists and is
different from f’(¢). This never happens for f'(¢) is defined as lim,..(f(x) —/f(¢))
/(x—t) and we apply 'Hospital’s rule in evaluating this limit, thus obtaining
/() =limg.,f’ (x).

A452. Proceeding clockwise: 8 X2, 1X9, 10 X5, 3 X6 surround 4 X 7. This solu-
tion is not unique.

A453. Evidently p41 is divisible by 2. Since every finite field has order ¢»
where ¢ is prime and # is a positive integer, the order of F must be 2#, that is,
p+1=2» Hence p=2"—1 is a Mersenne prime.

(Quickies on page 104)
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MATHEMATICS FROM MACMILLAN

Analytic Geometry and the Calculus, Second Edition
By A. W. Goodman, University of South Florida

Now available in a Second Edition, Professor Goodman’s book
continues to be one of the most teachable calculus texts ever writ-
ten for the beginning course. A new chapter has been added on
matrices and linear algebra, and the chapter on integration has
been completely reorganized so that the definite integral is the
dominating idea. Analytic geometry is introduced early. The
author has added new and more difficult problems, material on
pre-calculus trouble-spots, and an expanded treatment of infinite
series. More than 3800 drawings are included. A Solutions Manual
is available, gratis.

1969, approx. 896 pages, $12.95

Modern Algebra with Trigonometry
Second Edition

By John T. Moore, University of Western Ontario

Featuring nearly twice as many problems as the first edition,
Modern Algebra with Trigonometry has been rewritten to conform
more closely with CUPM recommendations, and with suggestions
from teachers of the first course. The chapter on circular func-
tions and analytic trigonometry now precedes that on the trigo-
nometry of angles and triangles. Appropriate new emphasis is
given to elementary functions, and, with the new arrangement of
material, the first six chapters may be used as a self-contained
introduction to analysis. Pedagogical aids include a review of
high school algebra, an appendix on matrix inversion, useful
tables, and answers to odd-numbered problems in the text. A
Solutions Manual, available gratis, supplies answers to even-
numbered problems.

1969, approx. 352 pages, $8.95

Write to the Faculty Service Desk for examination copies.

THE MACMILLAN COMPANY 866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario

L — )
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Outstanding Wiley mathematics texts—

ELEMENTARY ALGEBRA: Structure and Skills

Second Edition

By IRVING DROOYAN, WALTER HADEL, and FRANK FLEMING, all of Los Angeles
Pierce College.

This text introduces the structure of the real number system at the proper
level of sophistication, introduces the axioms of a field applicable to the set
of real numbers, and emphasizes the logical consequences of these axioms.
The second edition continues to be structure oriented, and has been thor-
oughly revised and improved. An Instructor’s Manual is available.

1969 390 pages $7.50

INTERMEDIATE ALGEBRA

Second Edition

By ROY DUBISCH, University of Washington; and VERNON E. HOWES, American

College in Paris.
“For the student who has tried to ‘make sense’ of his former work, this
somewhat brief presentation of intermediate algebra should bring a much
clearer understanding of the fundamental concepts of the subject.”—from a
review of the first edition in The Mathematics Teacher. This clearer and
even more understandable second edition gives greater attention to pre-
senting material from a mathematical viewpoint. An Instructor’'s Manual
is available. 1969 351 pages $6.95

GEOMETRY AND ITS METHODS
By JOHN N. FUJII, Merritt College, Peralta Junior College District.

A contemporary text with an especially designed, integrated, and organized
approach. Elementary plane geometry constitutes the core of the text, with
optional sections on such further topics as solid geometry carefully inte-
grated into the smooth development of the subject. An Instructor’s Manual
is available. 1969 275 pages $8.95

ESSENTIALS OF MATHEMATICS

Second Edition

By RUSSELL V. PERSON, Capitol Institute of Technology.
This successful introduction to mathematics is directed toward one specific
goal: to provide the elementary mathematical background needed by stu-
dents preparing for any of the various fields of technology. The emphasis
of the book is on understanding the principles and on their practical use.

1968 721 pages $9.95

JOHN WILEY & SONS, Inc.
In Canada: John Wiley & Sons Canada Lid.
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ELEMENTARY ALGEBRA FOR COLLEGE STUDENTS

Second Edition

By IRVING DROOYAN and WILLIAM WOOTON, both of Los Angeles Pierce College.
An effective presentation for students who begin their study of algebra at
the college level—particularly those who need to acquire some basic ideas
and skills of algebra. The book covers fundamental topics of algebra from
a traditional standpoint, with emphasis on operations. An Instructor’s
Manual is available. 1968 302 pages $6.95

INTRODUCTORY ALGEBRA: A College Approach
Second Edition
By MILTON D. EULENBERG and THEODORE S. SUNKO, both of Wilbur Wright
College, Chicago.
The second edition of this text retains the excellent features of the first and
offers new sections on rational numbers, real numbers, and inequalities in

one or two variables. An Instructor’s Manual is available.
1968 317 pages $6.50

MATHEMATICS: The Alphabet of Science

By MARGARET F. WILLERDING, San Diego State College; and RUTH A. HAYWARD,

General Dynamics, Convair Division.
The ideal text for students with little or no mathematics background, this
book provides insight into understanding basic principles and an appre-
ciation of the beauty and scope of mathematics. An Instructor’'s Manual is
available. 1968 285 pages $6.95

CALCULUS FOR ENGINEERING TECHNOLOGY

By WALTER R. BLAKELEY, Ryerson Polytechnical Institute, Toronto.
This textbook avoids the traditional method of beginning with rigorous
general proofs and starts with generally applicable techniques. It proceeds
by way of many illustrative examples to the fundamental mathematical truth.
An Instructor’s Manual is available. 1968 441 pages $8.95

PLANE TRIGONOMETRY

Second Edition

By NATHAN O. NILES, U.S. Naval Academy, Annapolis.
With an unusually clear development of theory, this text emphasizes the
analytic aspects of trigonometry. It features an early introduction of radian
measure and its use, trigonometric functions of real numbers, and use of
vectors with complex numbers, and slide rule solution of triangles. An
Instructor’s Manual is available. 71968 296 pages $5.95

605 Third Avenue, New York, N.Y. 10016
22 Worcester Road, Rexdale, Ontario
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Mathematics: Its Content, Methods, and Meaning, Second Edition

edited by A. D. Aleksandrov, A. N. Kolmogorov, and M. A. Lavrent’ev translated by S. H. Gould,

K. A. Hirsch, and T. Bartha

translation edited by S. H. Gould

Published in cooperation with the American Mathematical Society

These volumes have achieved the status of a standard work and are now being made available in paper
editions for the first time.

They cover the whole sweep of the development of mathematics from earliest times to the present,
and cover the whole range of its content from the theory of numbers to the geometry of colors, and

thus fulfill their purpose of providing a kind of diving bell, a means of access for the seriously
interested student into mathematical depths usually considered hopelessly over his head.

“This unique work presents the amazing panorama of mathematics proper. It is the best answer in print
to what mathematics contains both on the elementary and advanced levels.” — Professor Morris
Kline, New York University

“The high quality of exposition, the unparalleled breadth, and the emphasis on concept rather than
proof for proof’s sake should do much to raise the level of mathematical literacy everywhere.” —Roger
S. Pinkham, American Scientist

.. . nothing less than a major contribution to the scientific culture of this world in the mid-20th
century.” — Harry Schwartz, The New York Times Book Review

“This is a masterful English translation of a stupendous and formidable mathematical masterpiece
originally published in Russian ... one reads actual mathematics in these three volumes, not just about
mathematics.” — Social Science

Three-volume boxed set.

the set $10.00

per volume $3.95

The Mathematical Sciences: A Collection of Essays

edited by COSRIMS

A distinguished gathering of mathematical scientists address themselves here to the large and growing
audience of curious and thoughtful readers, including those without formal training in the higher
reaches of mathematics and those who believe they may have forgotten what they once knew. Some
of the contributors describe striking developments and achievements in contemporary mathematics;
others concentrate on the myriad applications of mathematics to other fields.

Many of the essays can be understood by today’s breed of scientifically oriented high-school student.
They could be equally appealing to his father, whose most elaborate application of mathematics may
be the completion of the income-tax form, but whose curiosity about some of the most heady intel-
lectual adventures of this century may have survived his graduation into middle age.

The book was prepared by the Committee on Support of Research in the Mathematical Sciences
(COSRIMS) for the National Academy of Sciences as part of an effort to gauge the present status and
envision the future needs and directions of the mathematical sciences in the United States.

$8.95 >t & 0
The MIT Press Cambridge, Massachusetts 02142 6‘ 06 ‘o'b-
\0@ ) W
R
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3 New texts from Macmillan

Modern Calculus and Analytic Geometry
By Richard A. Silverman

Dr. Silverman’s new text combines a clear, polished exposition
with more than 1600 exercises, including applications to science
and technology. Appropriate emphasis is given to limits, differ-
ential equations, and linear algebra. Completely self-contained,
the text provides a convenient review of precalculus mathematics,
a thorough treatment of single-variable calculus and analytic
geometry, sections on partial derivatives, multiple integrals, and
infinite series. Answers to odd-numbered problems are given, and
approximately 400 illustrations are included.

1969, 1039 pages, $12.95

Introduction to Statistics
By Ronald E. Walpole, Roanoke College

For students majoring in any academic discipline, this text draws
its numerous illustrative examples and exercises from many dif-
ferent fields of application. Requiring only high school algebra,
the text is modern in approach and includes discussions of deci-
sion theory and Bayesian statistics. It is based on the premise
that statistics can best be taught by first introducing the funda-
mental concepts of the theory of probability based on set theory.

1968, 365 pages, $7.95

Trigonometry: An Analytic Approach

By Irving Drooyan and Walter Hadel, both of
Los Angeles Pierce College

Concepts and notations as well as a review of the real number sys-
tem are presented in the first chapter of this thoroughly modern
text. Each of the chapters contains graded exercises designated
“A,” “B,” and “C,” to permit greater instructional flexibility. A
second color is used functionally throughout. Available gratis
are a Teacher’s Manual and Solutions Key. Progress Tests and
Answers to Progress Tests are also available.

1967, 308 pages, $5.50
Write to the Faculty Service Desk for examination copres.

THE MACMILLAN COMPANY 866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Lid., 1125B Leslie Street, Don Mills, Ontario
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ARITHMETIC IN A LIBERAL EDUCATION

Dewey C. Duncan. East Los Angeles College. Approx.
275 pages, $8.00 (tentative). Available Summer,
1969.

" A presentation of instructional materials in
college arithmetic for students weak in the
subject, and for prospective and in-service
teachers of arithmetic. Starting with the con-
cepts of natural numbers and the operation
of counting, the text proceeds through the
three fundamental direct operations upon
the natural numbers, and the inverses of
these operations.

ELEMENTARY ALGEBRA

George Wallace, College of San Mateo. 366 pages,
$8.95. Off Press.

A “number theoretic” approach to algebra
emphasizing the development of structural
details, written for students with little or no
secondary school training in mathematics.
The approach is modern; set ideas are in-
troduced early. The text includes a large
number of examples and carefully graded
exercises. Among the topics included: real
number system, polynomials and polynomial
fractions, systems of equations, relations,
functions and graphs.

ALGEBRA AND TRIGONOMETRY, Second Edition

Paul K. Rees, Louisiana State University, and Fred
W. Sparks, Texas Technological College. 480 pages
(approx.), $8.50 (tentative). Available in March.
Reflects modern terminology and methodol-
ogy, maintains its basically axiomatic ap-
proach, and presents the material usually
found in both algebra and trigonometry
books, in a sequence that avoids unneces-
sary duplication. All the virtues of Rees-
Sparks texts are incorporated into this edi-
tion: teachability, readability, and a wealth
of exercises and problems.

NEW BOOKS

PRINCIPLES OF MATHEMATICS, Third Edition

Carl B. Allendoerfer, University of Washington, and
Cletus 0. Oakley, Haverford College. Approx. 640
pages, $9.50 (tentative). Available in March.
Unification. This is the key word in the
latest edition of this widely used precalculus
text. The material is so organized that the
student is able to see mathematics as a uni-
fied entity with its many ramifications—the
parts, the whole, and the interrelationships
—while he is learning the basic concepts.
The book maintains clear style of previous
editions.

INTRODUCTION TO MATHEMATICAL IDEAS
David G. Crowdis and Brandon W. Wheeler, both of
Sacramento City College. 352 pages (approx.),
$7.95. Published January, 1969.

Traditional texts, while serving particular
needs, have largely failed to reach that stu-
dent whose mathematical experience has
been either minimal or unsatisfying. Here,
at last, is the text which recognizes these
facts and attempts to introduce the student,
not to the traditional topics of the freshman
mathematics course, but rather to a selec-
tion of carefully chosen meaningful topics
which broaden his view and appreciation of
mathematics.

BASIC STATISTICS

David Blackwell, University of California at Berke-
ley. 128 pages, $5.50. Available March-April.
This noted authority deftly covers the basic
concepts of statistics in a presentation that
is simple, precise, and eloquent. By use of
clear, concise language, many examples,
end-of-chapter problems and exercises, the
book quickly gets to the heart of the subject
matter, with an organization that permits
the instructor maximum flexibility in steer-
ing his course.

Send for your examination copies now—McGraw-Hill Book
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FROM McGRAW-HILL

SETS—RELATIONS—FUNCTIONS:

An Introduction, Second Edition

Samuel M. Selby and Leonard Sweet, both of the
University of Akron. 352 pages, $6.95 clothbound;
$4.95 soft cover. Available in April.

Extends, enlarges, and deepens the student’s
understanding of the language and concepts
of set theory and functions, and bridges the
gap between the traditional and modern ap-
proaches in mathematics. Major changes in-
clude: new sections on mathematical induc-
tion, finite and infinite sets, quantifiers, and
the completeness property. Sections on ab-
solute value have been enlarged.

CONTEMPORARY ANALYTIC GEOMETRY

Thomas L. Wade and Howard E. Taylor, both of
Florida State University. 352 pages, $8.50. Available
in March,

A one-semester text aimed at developing
plane and solid geometry within 2 modern
framework, this important book also reflects
the changes which have taken place recently
in student backgrounds in mathematics. The
development of analytic geometry includes
the study and use of vector concepts and
graphs of inequalities, leading to considet-
ation of linear programming.

BASIC ALGEBRAIC CONCEPTS

F. Lynwood Wren and John W. Lindsay, both of San
Fernando Valley State College. 368 pages, $7.95
(tentative). Available in March.

For prospective or in-service teachers of
mathematics at the upper elementary or
junior high school levels, this text is based
on the Level I recommendations of CUPM.
Using a semi-formal approach, the authors
bring the reader into contact with the nature
of proof, through both description and use.
It makes no great demands on the use of
logical processes.

GEOMETRY: A PERSPECTIVE VIEW

Myron R. Rosskopf, Teachers College, Columbia Uni-
versity; Joan L. Levine, Newark State College; and
Bruce R. Vogeli, Teachers College, Columbia Uni-
\{%résiisty. 306 pages, $8.95. Published December,

A text designed to meet a special need and
based on a recommendation of CUPM—
that prospective elementary and high school
teachers take the minimum of a one-semes-
ter course in geometry. While books written
in the past for this course have over-empha-
sized practical geometric skills, this text pro-
vides the future teacher with a substantive
knowledge of the subject by presenting the

. logic underlying mathematical studies

through the ideas and principles of geometry.

CALCULUS WITH ANALYTIC GEOMETRY

Paul K. Rees, Louisiana State University, and Fred
W. Sparks, Texas Technological College. 576 pages,
$10.95. Published February, 1969.

Designed for courses in calculus or calculus
and analytic geometry; it assumes some
knowledge of elementary algebra and plane
trigonometry. The purpose of this book is
to present the calculus and associated analyt-
ic geometry that is needed by students who
expect to study mathematics, physics, chem-
istry or engineering, and those students in
other areas of study who wish to broaden
their mathematical education.

INTRODUCTION TO MODERN CALCULUS
Herman Meyer, University of Miami. 512 pages,
$10.50. Published January, 1969.

A rigorously written modern first-year cal-
culus text for prospective mathematicians
and physical scientists. The three facets of
the calculus are delineated and presented in
distinctly different ways: (1) the main por-
tion of the book develops the theory of the
calculus both intuitively and formally; (2)
the techniques of differentiation and inte-
gration are presented in programmed form
separately from the theory; (3) the appli-
cations of differentiation and integration are
presented as rather routine problems with
their (almost) complete solutions appeat-
ing in the answer section.

Company, 330 West 42nd Street, New York, New York 10036
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ESSENTIALS OF ALGEBRA

By Ross H. Bardell and Abraham Spitzbart,
University of Wisconsin, Milwaukee

Designed to fill the requirements of the student
who begins his college mathematics with inade-
quate preparation, this book introduces algebra
at a lower level and at a slower pace than in the
usual college algebra course and brings the stu-
dent in the span of one semester to the stage where
he is prepared to continue in the study of mathe-
matics. In this text, the general approach is to
start with a development of the integers, then to
proceed to the rational numbers, and then to the

real numbers.
264 pp. 25 illus. $6.95

ELEMENTS OF
PRE-CALCULUS MATHEMATICS
By Daniel M. Dribin, The George Washington
niversity

The primary purpose of this text is to provide
a sound treatment of the material needed for
the calculus, in one semester. In addition to a
little introductory material on the calculus,
there are also several sections on vectors. The
book covers the nature of the number and
function concepts, the analytic geometry of
the line in the plane, the elementary functions
(algebraic, trigonometric, exponential and
logarithmic) and their graphs, plane vectors,
polar coordinates, and an introduction to the
concept of differentiation.
274 pp. 102 illus. $6.95

ANALYTIC AND VECTOR GEOMETRY:

A BRIDGE TO CALCULUS
By F. M. Eccles, Phillips Academy, Andover,
E. P. Vance, Oberlin College, and T. Mikula,
Hanover Schools.

This book has been written as the basis of a
semester course for students already familiar
with algebra, plane geometry, and trigonometry.
It emphasizes the interweaving of geometric and
algebraic ideas through analytic geometry, vec-
tors, and basic pre-calculus concepts.

425 pp. $7.95

ELEMENTARY GEOMETRY

FOR TEACHERS
By Merlin M. Ohmer, F.T. Nicholls State Col-
lege.

The primary purpose of this book is to train
elementary and junior high school teachers of
mathematics. The book is also intended to be
useful to teachers engaged in self-study programs.
It includes most of the topics recommended by
CUPM for the Level I Geometry course, and
follows these recommendations very closely. In-
formal and intuitive in approach, the book is
written in a clear and concise style, and contains
numerous problems and illustrations.

152 pp. 77 illus. $7.50

INTRODUCTORY COLLEGE MATHEMATICS
WITH BUSINESS APPLICATIONS
K. C. Skeen, C. W. Wheeler, R. L. Johnson,
Diablo Valley College.

This text provides a review of basic skills and
essential foundations of practical mathematics. It
also offers a comprehensive introduction to the
applications of mathematics in business. The ma-
terial covers the mathematical range and content
of the pre-algebra courses prevalent at the sec-
ondary level. The developmental exercises give
ample opportunity to improve computational
skills through the motivation of practical appli-
cations in personal finance.

In press

AN INTRODUCTION TO MATRICES
AND LINEAR TRANSFORMATIONS

By John H. Staib, Drexel Institute of Technol-

ogy.

This book is introductory in nature, and is
designed primarily as a one-semester sophomore
text in linear algebra for engineering and science
students, The author has developed the material
using a classroom style presentation, with all its
informality and experimentation. Theoretical con-
cepts are lavishly illustrated both by examples
and by computational type exercises that relate
directly to the theory.

In press

Write for approval copies

Addison-Wesley

PUBLISHING COMPANY, INC.

Reading, Massachusetts 01867

THE SIGN OF
EXCELLENCE
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ACADEMIC
VACANCIES

UNIVERSITIES and COLLEGES
AMERICAN COI.I.EGE BUREAU

TEACHER
J DEPARTMENT HEAD

UNIVERSITY and COI.I.EGE STAFFING CENTER*
can provide confidential placement service to help YOU broaden your selection
of positions throughout the United States.
*Except for a nominal enrollment fee, there is no further charge
by the Center when a position is obtained through its services.
Send résumé to
E. E. HANSBROUGH, President

AMERICAN COLLEGE BUREAU
UNIVERSITY and COLLEGE STAFFING CENTER

28 EAST JACKSON BOULEVARD / CHICAGO, ILLINOIS 60604
PHONE 312 /427-6662
NATIONWIDE ACADEMIC PLACEMENT SINCE 1890

WE WANT TO BUY YOUR OLD JOURNALS

especially complete sets or odd volumes of back issues of AMERI-
CAN MATHEMATICAL MONTHLY, MATHEMATICS MAGAZINE, any
journals issued by Am. Math. Society, esp. MATH. REVIEWS, TRANS-
ACTIONS, PROCEEDINGS, MATH. OF COMPUTATION and similar
periodicals.

We are prepared to pay liberal prices.

Mapleton House Books, Inc.
1015 38th St.

Brooklyn, N.Y. 11219.

Tel. 212-871 6233
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Outstanding texts from Macmillan

Calculus with Analytic Geometry
By William K. Smith, New College

This highly motivated text offers a unique blend of intuition and rigor, an
outstanding discussion of limits, and a truly integrated treatment of calculus
and analytic geometry. Ideal for the introductory sequence, the book begins
intuitively and proceeds with increasing levels of rigor. Both routine and
theoretical problems are included, with answers to odd-numbered problems at
the end of the text. Most theorems are proved, either in the text material or
exercises. Well illustrated and clearly written, Professor Smith’s text is or-
ganized to permit maximum teaching flexibility.

1969, approx. 864 pages, $12.95

Arithmetic: Concepts and Skills
By Murray Gechtman and James Hardesty, both of Los Angeles Pierce College

This text for remedial arithmetic courses offers clear explanations of basic con-
cepts, accompanied by over 2500 effective drill and discovery exercises. The
system of whole numbers is first presented through the primitive notion of sets.
The text then considers integers, rational numbers, and real numbers. A second
color graphically emphasizes important concepts. Answers to odd-numbered
problems are included in the text; a Solutions Manual, available gratis, pro-
vides answers to even-numbered problems.

1968, 310 pages, $5.95

Basic Technical Mathematics
By Thomas C. Crooks and Harry L. Hancock, both of Contra Costa College

This excellent book was written for the technical, vocational, or shop mathe-
matics student who needs simple mathematics to perform adequately in the
specific trade or vocation he is learning. The authors use more than 5,000 ex-
amples, as well as problems, summary tests, review tests and chapter tests to
convey basic principles to poorly motivated and slower students. Practical
applications to a wide variety of technical areas are presented. A Teacher’s
Manual is available, gratis.

1969, approx. 416 pages, prob. $3.95

Modern Plane Geometry for College Students
By Herman R. Hyatt and Charles C. Carico, both of Los Angeles Pierce College

This modern text for one semester courses meets the needs of both the terminal
student and the student who will proceed to further mathematical studies.
“A” or “A” and “B” sets of problems permit the instructor to use the text
effectively in either three- or five-semester-hour courses. A second color is used
functionally to illustrate ideas. Answers to odd-numbered problems appear in
the appendix, and a Solutions Manual is available, gratis.

1967, 414 pages, $7.95

Write to the Faculty Service Desk for examination copies.
THE MACMILLAN COMPANY 866 Third Avenue, New York, New York 10022

In Canada, write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario
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First-Year Calculus

Einar Hille—University of New Mexico
Saturnino L. Salas—University of Connecticut

Designed for students who have completed 4 years of
high school mathematics, this text presents advanced
placement calculus in an elementary but coherent manner.
Not a “calculus made easy,” but a “calculus made under-
standable.” 1968 415 pp. §9.50

Elementary Contemporary Mathematics

Merlin M. Ohmer—Francis T. Nicholls State College
Clayton V. Aucoin—Clemson University
Marion J. Cortez—University of Southwestern Louisiana

Covering all of the topics recommended by the CUPM
on the structure and number system, this book is appro-
priate for use in training prospective and in-service teach-
ers as well as for college freshmen. 1964 380 pp. $7.95

Modern Mathematics for Elementary
School Teachers

Merlin M. Ohmer—Francis T. Nicholls State College
Clayton V. Aucoin—Clemson University

This text is a one semester version of Elementary Contem-
porary Mathematics developed to enable prospective ele-
mentary school teachers to devote the second semester of
the CUPM recommended mathematics course to selected
topics in algebra and geometry. 1966 291 pp. $7.25

Elementary Contemporary Algebra

Metlin M. Ohmer—Francis T. Nicholls State College
Clayton V. Aucoin—Clemson University

Marion J. Cortez—Upnriversity of Southwestern Louisiana
This text presents a one-semester course in the structure
of algebra as recommended by the CUPM. It reviews the
real number systems and the field properties. There is also
an appendix which includes basic definitions, theorems,
facts, and notations. 1965 238 pp. §7.25

Blaisdell Publishing Company
a division of Ginn and Company

275 Wyman Street, Waltham, Massachusetts 02154
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12 reasons why 1969 is a big
year in Mathematicsat HRW ...

CALCULUS

Lipman Bers, Columbia University

This modern text for the basic course
treats elementary calculus as the art of
setting up and solving differential equa-
tions. The text presupposes no special
preparation beyond the ability to perform
ordinary algebraic operations and rudi-
mentary knowledge of geometry. Geo-
metric intuition, motivation, and applica-
tions are stressed throughout. Solutions

Manual. March 1969 / 1024 pages /
$12.50 (tent.)

INTERMEDIATE ALGEBRA

Andre L. Yandl, Seattle University, Elmar Zemgalis,
Highline College, and Henry S. Mar, Seattle Com-
munity College

The authors have written a text for the
college freshman who is not science-
oriented as well as for the student who
intends to go on to trigonometry and col-
lege algebra. Challenging exercises are
provided for the more ambitious student
and simpler exercises, correlated to ex-
amples in the text, are provided for the
beginning student. Instructor's Manual.

March 1969 / 352 pages / $7.95 (tent.)

MATHEMATICAL SYSTEMS

Finite and Infinite TRIGONOMETRY:

A Functional Approach

Robert D. Hackworth, St. Petersburg Junior College,
Clearwater Campus

Concerned primarily with what mathe-
matics is rather than what it does, the
author presents a number of mathemati-
cal systems with an emphasis upon the
role of undefined terms, binary opera-
tions, postulates, definitions, and theo-
rems, This introductory text may be
adapted to either a one-quarter or one-
semester course. Instructor’'s Manual.

March 1969 / 336 pages / $7.50 (tent.)

MATHEMATICS FOR BUSINESS
ANALYSIS, Second Edition

William A. Rutledge, OIld Domini
Thomas W. Cairns, University of Tulsa

College, and

Revised and rewritten, this book provides
business students with the mathematical
background needed for subsequent
courses as well as that required for the
reading of technical and mathematically
oriented literature. This edition features a
separate and detailed treatment of com-
pound interest and annuities. April 1969
/ 448 pages / $8.95 (tent.)

Bill Rice and Joe Dorsef?, both of St. Petershburg Junior
College

All the major trigonometric topics are de-
veloped through a distinctive classroom
approach. The authors ask the student
questions during the reading, require him
to give reasons for steps in the proof,
ask him to make conjectures, and intro-
duce important concepts in the exercises.
March 1969 / 320 pages / $5.95 (tent.)

LINEAR ALGEBRA

John de Pillis, University of California, Riverside

Suitable for freshman or sophomore
courses, this book discusses such topics
as concrete vector spaces; linear transfor-
mations and their matrices, linear equa-
tions, and determinants; the structure of
operators, and introduces ideas of inner
product, diagonalization, and the spectral
decomposition theorems for self-adjoint
operators and hermitian matrices. April
1969 / 560 pages / $9.50 (tent.)
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CALCULUS OF THE PRECALCULUS ELEMENTARY
ELEMENTARY FUNCTIONS FUNCTIONS AND RELATIONS

Merrill E. Shanks and Robert Gambill, both of Purdue
University

This intuitive approach to calculus em-
phasizes problem solving and the de-
velopment of computational facility. The
textual exposition is brief, with many fig-
ures, and includes numerous worked-out
examples to guide the student. There are
approximately 3000 problems, most of
which are accompanied by answers, with
a great range in difficulty appropriate to
a wide variety of student abilities. Solu-

tions Manual. February 1969 / 560 pages

Donald R. Horner, Eastern Washington State College

The author designed this investigation of
precalculus notions to help the student
understand and appreciate the nature of
elementary real functions and their cen-
tral role in mathematics. Such as empha-
sis on functions integrates algebraic and
trigonometric material in a natural man-
ner. March 1969 / 416 pages / $8.50
(tent.)

/%1095 MODERN ELEMENTARY
ALGEBRA FOR COLLEGE
ESSENTIALS OF COLLEGE STUDENTS
MATHEMATICS Vivian Shaw Groza and Susanne Shelley, both of

Paul J. Zwier and Larry R. Nyhoff, both of Calvin
College

Suitable for both one-semester and two-
semester courses, this text is designed for
liberal arts students with no previous
training in mathematics but also chal-
lenges those students having a broader
background. It presents in a unified man-
ner as many of the areas of mathematics
as possible. Instructor’'s Manual with So-

lutions. February 1969 / 432 pages /
$9.95

Sacramento City College

The approach of this introduction is mod-
ern, with set notation used throughout
and with algebra presented as a logically
structured system developed axiomati-
cally. Proofs of theorems are sufficiently
simple and intuitive for the student of
average ability to read and comprehend.
Solutions Manual. January 1969 / 432

pages / $8.50

PLANE TRIGONOMETRY
MODERN INTERMEDIATE Third Edition

ALGEBRA

Viian Shaw Groza and Susanne Shelley, both of Sac-
ramento City College

Beginning with a review of elementary
algebra, this modern presentation uses
set concepts consistently. The manner of
development is axiomatic, with all impor-
tant concepts logically justified by valid
proofs. The text contains many illustra-
tive examples and exercises. Solutions

Manual. May 1969 / 336 pages / $8.50

Ask your HRW repr ive for an ination
copy or write to College Promotion

Frank A. Rickey, Professor of Mathematics, and J. Perry
Cole, Professor Emeritus, both of Louisiana State
Unlversity

The authors present a concise, analytical
development of plane trigonometry that
provides the trigonometric background for
modern courses in analytic geometry and
the calculus of functions of real variables.
The exercises in this edition are almost
entirely new. April 1969 / 192 pages /
$7.50 (tent.)

Holt, Rinehart and Winston, Inc.

383 Madison Avenue, New York, New York 10017
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INTRODUCTION T0 MATHEMATICS

Third Edition

Hollis R. Cooley and Howard E. Wahlert

484 pages / 1968 / $8.95

NEW COLLEGE ALGEBRA

Marvin Marcus and Henryk Minc
292 pages / 1968 / $6.50
An Instructor’s Manual will be available.

ELEMENTARY FUNCTIONS AND
COORDINATE GEOMETRY

Marvin Marcus and Henryk Mine
About 300 pages / May 1969

An I nstructor’.; Manual will be available.

A SURVEY OF FINITE MATHEMATICS

Marvin Marcus
About 300 pages / May 1969

An Instructor’s Manual will be available.

Boston / Atlanta / Dallas
Geneva, lll./ New York / Palo Alto
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